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PREFACE. 

The subjects of the following pages have been 
taught orally at the Military Academy for many years ; 
but, for the saving of time, and the convenience of 
the pupils, it has been thought best to clothe them 
in a printed dress ; and as, in this form, the volume 
might be found useful in other schools, as an appli- 
cation of descriptive geometry to practical questions, 
it was also thought well to have it published. 
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ONE PLAHE DESOMPTIVE GEOMETKT 



FOKTIFICATION DEAWING. 



1. The method now in general use, among military e 
gineera, for delineating the plana of permanent fortifi 
19 similar to the one which had been preYiouslj er ^ 
for representing the natural Burfaee of grotmd in topograph- 
ical and hvdrographical maps; and which consists in prcnec- 
ting, on a horizontal plane at any assumed level, the bounding 
lines of the surfaces and also the horizontal lines cut from 
them by etLuidistant horizontal plan^, the distances of these 
lines from the assumed plane being expressed nwnerieaUy 
in terms of some linear measure, as a yard, a focrt, &c. 

3. Plane of Reference or Comparison. The assum- 
ed horizontal plane upon which the lines are projected is 
termed ihe^lame of coTj^aHson or plane of re/erence, as it 
is the one to which the distances of all the lines from it are 
referred, and as it serves to compare these distances with 
each other and also to determine the relative positions of 
the lines, 

3. Reierenoes. The numbers which express the dis- 
tances of points and lines from the plane of comparison are 
termed, references. The unit in which these distances are 
isually the linear foot and its decimal divisions, 
i the position assumed for the plane of comparison is 
arbitrary, it may be taken either above or below~every point 
of the surfaces to be projected. In the French military ser- 
vice it is xiBually taken above, in our own below the surfaces. 
The latter seems the more natural and is also more conveni- 
ent, as vertical distances are more habitually estimated from 
below upwards than in the contrary direction. Each of 
these methods has Hie advantage of requiring but one kind 
of symbol to be used, viz : the numerals expressing the ref- 
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2 ONE PIAHE DBSCSteTIVE GEOMETBY. 

erenees ; whereas, if the plane of comparison were so taken 
that Bome of the points or lines projected should lie on one 
side of it and some on the other, it would he then necessary 
to use, in connection with the references, the algebraic mm- 
hols^^fea or mm/us to designate these points ahove the plane 
from those below it. 

As the distances of all points are estimated from the 
plane of comparison, the reference of any point or line of 
this plane will therefore be zero, (0.0) ; that of any point 
ahove it is usnally espre^ed in feet; decimal parts of a foot 
being used whenever the reference is not an entire number. 
When the reference is a whole number it is written with one 
decimal place, thus (25,0) ; and when a broken number with 
at least two decimal places, thus (3.70), (16.63). In writing 
the reference the mark used to designate the linear unit is 
omitted, in order that the numbers expressing references' 
may not be mistaken for those which may he put upon the 
drawing to express the horizontal distances between points. 

The references of horizontal lines are written along and 
upon the projections of these lines. All other references 
are written as nearly as practicable parallel to the bottom bor- 
der of the drawing, for the convenience of reading them 
without having to shift the position of the sheet on which 
the drawing is made. 

This method of representing the projeetiona of objects 
on one plane alone has given rise to a very useful modifica- 
tion of the one of orthogonal projections on two planes, and 
has been denominated one vtci/ne desori/pivoe geomeiry; the 
plane of comparison being the sole plane of projection ; and 
the references taking the place of the.ibnal projections on a 
vertical plane. By this modification the number of lines to 
he drawn is less; the graphical constructions simplified; 
and the relations of the parts is more readily seized upon, 
as the eye is confined to the examination of one set of pro- 
jections alone. 

But the chief advantage of it consists in its application 
to the delineation of objects, like works of permanent forti- 
fication, where, from the great disparity of the horizontal 
extent covered and the vertical dnnensions of the parts, a 
drawing, made to a scale which would give the horizontal 
distances with accuracy^- could not in most cases render the 
vertical dimensions wr^ any approach to the same degree 
of accuracy ; or, if made to a scale which would admit of 
the vertical dimensions being accurately determined, would 
require an area of drawing surface, to render the horizontal 
dimensions to the same scale, which would exceed the con- 
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ONE PLANE DESCRIP'nVE GEOMETKY. 3 

venient limits of practice. Taking for example an ordinary 
ecale used for drawing tlie plana M permanent fortifications 
of one ■mck to Jlfii/ feel, or the scale ■^\-^, the details of all 
the bounding eurfaces can he determined with accuracy to 
within the fractional part of a foot, whereas a vertical pro- 
jection to the same scale would be altogether too email for 
the same purposes, 

4. Point and E^ht Iilne. To d^ignate the ptraition 
of a point, PI. 1, Fig. 1, the projection of the point.and \i& 
reference are enclosed within a bracket, thus (28.50). This 
expresses that the vertical distance of the point from the 

5 lane of reference is 28 feet and flfty-hundredths of a foot, 
'he position of a right line oblique to the plane of reference 
is designated by the projection of the line, and the references 
of any two of its pomfs. Thus in Fig. 1 the poiata a and 
5, upon the projection of the right line, with their respective 
references (25,15) and (28.50), determine the position of the 
line with respect to the plane of reference. 

When the line is horizontal, or parallel to the plane of 
reference, its projection, with the reference of one of its 
points, will be sufficient to designate it, and fix its position 
with respect to the plane of reference. Thus in Fig. 1 the 
reference (25.15), written upon the projection of the line, 
expresses that the line is horizontal, and 25.15 feet from the 
plane of reference, 

5. For the convenience of numerical calculation, the po- 
sition of a line, with respect to the plane of reference, is 
often expressed in tenns of the natural tangent of the angle 
it makes with this plane ; but as this angle is the same as 
that between the line and its projection, its natural tangent 
can be exprrased by the difference of level between any two 
points of the line, divided by the liorizontal distance between 
the poiaJB. Now, as the difference of level between any 
two points of the line is the same as the difference of the 
references of the points, and the horizontal distance between 
them is the same as the horizontal projection of the portion 
of the line between the same points, it follows, that the nat- 
ural tangent of the angle which the line mates with the 
plane of reference is found hy dmiding tM di^epenoe of the 
references of the pomts ly the distcmce in horizontal projec- 
iton iekoeen them. 

The vulgar fraction which expresses this tangent is term- 
ed the inohnation, or decH/nity of the line. Thus the frac- 
tion I would express that the horizontal distance between 
any two points is six times the vertical distance, or difference 
of their references; the fraction |, that the vertical distance 
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anj two pointa is two-thirds the horizontal distance ; 
the denomvticUor of the fraction, in all cases, rmrmentmg 
the mwmb&p of pa/rts m, htynsontal projection, and the mume- 
Tutor the oorrespontMng wumiher of farts m vertical distcmce. 
When the position of a line is designated in this way, it is 
Baid to be a line whose inclination or declivity is one-sixth, 
two-thirds, ten on one, &e., or simply, a Une of oneswith, '&c. 

6. Having the decHvity of a line, the difference of refer- 
ence of any two of its points, the projections of which are 
given, will he foimd hy multiplying the horizontal distance 
between them by the fraction which expresses this declivity; 
in like manner the horizontal distance of any two points 
■wHl be obtained by dividing the difference of their references 
by this fraction. 

To obtain therefore the reference of a point of a line, 
having its projection, the horizontal distance between it and 
that of some o^er known point of the Kne must bo deter- 
mined from the scale of the drawing by which the horizontal 
distances are measiured ; this distance expressed in numbers, 
being multiplied by the fraction which expresses the decHvity 
of the line, will give the difference of reference of the two 
points ; the reqnn^ed reference of the point will be found by 
subtracting this product from the reference of the known 

Jioint, if it is higher than the one sought, or adding if it is 
ower. Thus let (25.15) be the reference of a known point 
higher than the one sought; the horizontal distance between 
the points being 35.75 feet, and the inclination of the line 
Jff ; then 35.75 x j\ = 3.575 will be the difference of refer- 
ence of the points, and 35.15 — 3.575 = 21.575, the required 
reference. The converse of this shows that the horizontal 
distance between two points on this line whose difference of 
reference ie 3.575 wm be 3.575h-tV=35.75 feet. 

7. When the projection of a Hne is divided into equal 
parts, each of wMch corresponds to a unit in vertical dis- 
tance, and the reference of the points of division are written, 
it is termed the scale of declmify of the Une. In constructing 
the scale of declivity of a line, the entire references are alone 
put down ; one of the divisions of the equal parts being sub- 
divided into tenths, or hundredths if necess'aiy, so as to give 
the fractional parts of the references corresponding to any 
tractional part of an entire division. 

8. The true length of any portion of an oblique line be- 
tween two given points is evidently the hypothenuse of a 
right angle triangle of which the other two sides are the dif- 
ference of reference of the points, and their horizontal dis- 
tance. 
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9, Plane. The position of a plane oblique to the plane 
of reference may be determined either by the projections and 
references of three of its points ; by the projections and de- 
clivity of two lines in it oblique to the plane of reference; 
or by the projection of two or more horizontal lines of the 
plane with their references. 

The- more usual method of representing a plane is by the 
'projections on the plane of reference of the hoi-izontal lines 
determined by intersecting it by equidistant horizontal planes. 
These projections are termed hortzonials of the plane, those 
usually being taken the references of which are entire numbers. 

10, If in a riven plane a line be drawn perpendicnlar to 
any horizontal lline m it, the projection of this line on the 
plane of reference will be also perpendicular to the projec- 
tions of the horizontals. The angle of this line with the 
plane of reference is evidently the same as that of the given 
plane with it, and is greater than the angle between any 
other line drawn in the -plane and the p^ie of reference. 
This line is, on this account, termed the line of greatest de- 
clivity of the plane. 

11, If the scale of declivity of the line of gi-eatest de- 
clivity be constructed, it will alone serve to fix Sie position 
of the plane to which it belongs, and to determine the refer- 
ence of any point of the plane of which the projection is 
given, Por since the horizontals are perpendicular to the 
scale of declivity, the point where the horizontal drawn 
tlirough the given projection of a point in the plane cuts 
this hne will determine irpon the scale the reference of the 
horizontal, and therefore that of the point. 

12, The inclination or declivity of a plane with the plane 
of reference may he expressed in the same way as the meli- 
nation of ito line of greatest declivity. Thus a plane of one- 
fovHh; aplcmeojt/weniy on one; a plams of pwo-thirds, 
express that the natural tangents of the angle between the 
planes and the plane of reference are respectively represent- 
ed by the fractions ^, -V-, and |. 

13, The horizontal distance between any two horizontal 
lines in a plane, the angle of which is given, can be found 
in the same way as the horizontal distance between two 
points of a line, the inclination of which is given, AH. 1, 
by dividing the difference of the reference of the two hori- 
zontal lines by the fraction representing the dedivity of the 
plane; in like manner the difference of references of any 
two horizontal lines will be obtained by multiplying their 
horizontal distance by the same fraction, 

14, To distinguish the scale of declivity, Fl. 1, i%. 3, 
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6 ONE PLANE DEaOEIFrrvE GEOMETRY. 

from any other line of a plane, it is always represented by 
two fine parallel lines, drawn near each other, and crossed 
at the pomt9 of division, where the references are written, 
by short lines which are portions of the corresponding hori- 
zontals. 

With the foregoing elements the usual problems of the 
right line and plane can be readily solved. 

15. FroblemB of the Right Zifne and Plane. 
Prdb. 1, Pl.% Fig. 3. H<m'mgtTM project/ions a/nd refer- 

ences of i/wo Imes thai mterseci, to find the angle he^een th&m. 

Let db be the projection of one of the Knes, the refer- 
ences of two of its points "(10. 80) and (4.90) being given ; 
odi the projection of the other line, (lO.SO), and (5.0) being 
the references of two of its points; (10,30) being the point 
of intersection of the two lines. 

Pind on each of the lines, AH. 7, a point having the 
same reference (7.0). The line joining these two points 
will be horizontal, and projected into its tme length ; taking 
this line ae the base of a triangle of which the other two sides 
are respectively the true lengths of the portions of the two 
given lines projected between (10.30) and (7.0), Art. 7, the 
angle at the vertex will be the one required. 

16. Prdb. 3, Fig. 4. Through a point to dram a TJme 
pa/rollA to a gi/om, Ime. 

Let (7.50) be the projection of the point ; «5 that of 
the given line of -which the two points (7.0) and (9.0) are 
known. 

Through drawing cd parallel to ah, this will be the 
projection of the required line ; and as its declivity is the 
same as that of the given line, it will be only necessary to 
set off from e towards d, the same distance as between (7.0) 
and (9.0), to obtain a point (9.50) as far above (7.50) as (9.0) 
is above (7.0). 

17. Prob.Z,Fig.&. Through a point in a plams to draw 
a Une m the plane with a gimen inctmation. 

Let cd be the scale of declivity of the given plane, and 
a (5,50) the given point ; and snppose, for example, that the 
declivity of the plane is i and that of the required line is tV- 

Draw the horizontal of the plane (5.50) which passes 
throngh the point, and any other horizontal, as (7,0). The 
projection of the required line will pass through a, and the 
portion of it between the two horizontals wiU be equal, Art. 
6, to the difference of their references, or 1.6 ft. divided by 
the fraction which represents the inclination of the required 
line. Describing, therefore, front a, an arc, with this dis- 
tance ac or 1.5 -^ yV = 1^ ft- ^^ ^ radius, and joining the 
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point 5, wiiere it cuts the horizontal (7.0), with a, this will 
be the projection of the required line. 

18. Prdb. 4, PI. 1, Mg. 6. ffa/vwig three poimis of a 
jiUme, to construct its korizoTtials amd scale ofdecUmby. 

Let a (12.0), 5 (15.25), and c (15.50), be the projectiona of 
tlie three points. Join a with tne other two, and conatmet 
the scales of declivity of the lines of innetion, Art. 6. The 
lines joining the aame references on these two scales wiU lae 
horizontals of the required plane. Its scale of declivity is 
constructed by drawing two -parallel lines perpendicular to 
the horizontals, and writing the references of the points 
where they intersect the horizontals. 

19. Pr<^. 5, PI. 1, Fig.t. To find the horizontals of 
a ^cme passed through a gi/oen line a/nd parallel to cmother 
Hme. 

Let ai and cd be the projections of the two lines. Prom 
a point (10,0) on cd draw a line dA Prob. 2, parallel to dbf 
and by Prob. 4 find the horizontals of the plane of df and 
cd^ these will be the required horizontals. 

20. Prob. 6, PI. 1, Mg. 8. To find the ItorizowtOls of a 
the deoli/oiiy of which is gwen, cmd whdch passes 



Let M be the scale of declivity of the given line, and 
suppose, for example, the declivity of the line to be t j and 
that of the required plane to be |. 

Since the horizontals of the plane must pass throwh the 
points of the line having the like references, and as the dis- 
tance in projection between any two of them. Art. 13, will 
be equal to the difference of their references divided by the 
fraction giving the declivity of the plane, it follows that to 
find the one ifiawn through h (14.0), for example, it mil be 
simply necessary to describe from any other point, as a 
(12.0), an arc ot a circle, with a radius of 12 ft., equal to 
the quotient just mentioned, and to draw a tangent to this 
arc from 5. If any other horizontal, as (16.0), is required, 
■which would not intersect the projection of the given line 
within the limits of the drawing; any two points, as (12.0) 
and (14.0), for example, may be taken as centres,^ and two 
ares be described from them, with radii of 12 and 24 ft., 
calculated as above, and a line be drawn tangent to the 



arc ; this tangent will be the required horizontal. 

21. Prob. 7, PI. 1, Fig. 9. Mamng either the horizontals 
or the scales of declwity of twopla/nes, tofimd thmv intersec- 
tion. ' 

Join the points ab where any two horizontals, as (12.0) 
and (14.0), in one plane intersect the corresponding horizon- 
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tals of the other, and the line ao drawn will be the projection 
of the required intersection. 

32. "Vvhen the horizontals of the two planes are parallel, 
or when they are eo nearly parallel that their points of in- 
tersection cannot be accurately foimd, the following method 
may be taken: Draw any two parallel lines as cd, c'd', PI. 
1, Fig. 10 ; these may be considered as the horizontals of an 
arbitrary plane, and having the same references, (12.0) and 
(14.0), as the two corresponding horizontals in each of the 
given plan^. The intersections of the horizontals of the 
arbitrary plane with thoae of the given planes wiU determine 
two linep, mn, m'n', which, being the projections of the in- 
tellections of the given planes with the arbitrary plane, 
will, by their intersection o, determine the. projection of a 
point common to the three planes, and therefore a point of 
the projection of the intersection of the two given planes. 
Assuming any other two parallels oS, a'W, as the horizontals 
of another arbitrary plane ; finding in lite manner the point 
o' and joining o and o' by a line, this will be the required 
projection. 

When the horizontals of the two planes are parallel, one 
point, as o, will be sufficient to determine the required pro- 
jection, as it will be parallel to the hiDrizontals, 

23. Prob. 8, PI. 1, Fig. 11. To find wliere a gwm Une 



^ the projections of any two points of the ^ven 
line, as m', n', having the same reference, (12,0), (li.^, aa 
two horizontals of the given plane, draw two parallel hnes, 
ah, a'h\ which may he t^en as the horizontals of an arbitrary 
plane. The projection of the line of intersection, rrm, of 
this plane witii the given plane being determined by P-rdb. 
1, the point o where it intersects the projection of the line 
m'n' will be the projection of the required point, the refer- 
ence of which can be found from the scale of the plane, 

24. Prob. 9, PI. 1, Fig. 13. To draw from a gmm. 
<pom,t a p&rpendimdaa- to a gi/oen, plane, and fimd its length. 

I«t a (12.0) be the projection of the given point ; and 
let the given plane be represented by its scale of declivity. 

The projection of the required perpendicular will pass 
through a, and be parallel to the scale of declivity oi the 
given plane. The angle which it mates with the plane of 
reference is the complement of that between this plane and 
the given plane ; its tangent therefore will be the reciprocal 
of the tangent of that oi the given plane. 

Drawing therefore through a the line ac parallel to hd, 
and constructing its scale of declivity, Art. 7, this will be 
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the projection of the required perpendicular. The projec- 
tion of the point o where it pierces the given plane is found 
by Prdb. 8, and the true length of the perpendicular hy 
Art. 8. 

25. G«oinetxical and Irregular Surfaces. 

All other surfaces may, like the plane, Art. 7, be repre- 
sented by the projections on the plane of reference of the 
curves or lines cut from them by equidistant horizontal 
planes, together with the reference of th^e curves ; as many 
of these projections being drawn as may be requisite to de- 
termine all the points of the surface with accuracy ; and 
their references being written in the same way as those of 
the horizontals of a plane. 

In the more simple geometrical surfaces, a single hori- 
zontal curve, with the projection of some point or line of 
the surface, will alone suffice. For example, the cone may be 
represented by the projection and reference of any curve cut 
from it by a horizontal plane, with the projection ajid refer- 
ence of its vertex ; a cylinder by the projection and reference 
of a lite curve, with the projection and reference of iIb axis, 
or of one of its right line elements; a sphere by the projec- 
tion and reference of its centre and that of its great circle 
parallel to the plane of reference. 

26. This method of projection is more particularly ad- 
vantageous in the representation of irregular surfaces which, 
like the natural surfaces of ground, for example, are not 'sub- 
mitted to any geometrical law, and in solving the various 
problems of tangent and secant planes to surfaces of this 
character. These surfaces ean, for the most part, be alone 
represented by the projections of the . horizontal curves cut 
from them by equidistant horizontal planes, and by suppos- 
ing the zone of the real surface contained between any two 
horizontal curves to be replaced by an artificial zone, sub- 
jected to some geometrical law of generation, which shall 
give an approximation to the real surface sufficiently accu- 
rate for the object in view. The usual method of doing this 
is to take two consecutive horizontal curves as the directrices 
of the artificial surface of the zone, and to move a right line 
so as to continually intersect each of them, and be perpen- 
dicular to the consecutive tangents to one of them, the upper 
one being usually taken for this last condition. 

If in PI. 1, Fig. 13, for example, (6.0), C^.O), &c., are the 
projections of the horizontals of a surface, the zone between 
the curvM (6.0) and (T.O) maj' be replaced by an artificial 
surface, the position of the projection of the generatrix of 
which, at any point of the upper curve (7.0), will be deter- 
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mined "by constructing tlie horizontal tangent at that point, 
as a, for example, and drawing a5 perpendicHlaj to it aaid 
interBecting the lower curve. The position of the generatrix 
a'V at any other point a' is eonstracted in like manner. 

'27. 1o ohtain any horizontal of the artificial zone inter- 
mediate to the two directricea, it wiU be only neceesary to 
construct several positions of the generatrix, and to find on 
these thepointe having the same reference as the required 
curve. The horizontS of the surface (6.50), for example, 
will bisect the projections of the generatrix in its various 
positions. 

Problems of Irregular Surfaces and the Bight 
lone and Plane. 

38. Prob. 10, PI. 1, Fig. 14. Through a gwenp&mt m 
a vertiodl, ^la/n,e whioh mterseets a awrface, to a/ravi a ta/ngent 
to tkeemve of mterseotion ofthejpkme and surf aoe. 

Let a (5.50) be the given point, and a5 the trace on the 
plane of reference of the given plane. The. points where 
this trace intereecte the horizontal curves of the surface will 
be the projections of pomta of the curve cut from the surface 
by the plane. 

Let any arbitrary line as ae be now drawn throngh a, 
and its scale of declivity be constructed ; and let lines be 
drawn between the points having the same references on ao 
and on the horizontal curves where ab intersects them. These 
lines will be theprojections of horizontal Unes and will gen- 
erally make different angles with ac. The one as (7.0), 
■which mates the smallest angle with it, towards the descend- 
ing portion, will determine the projection o of the tangential 
pomt. For, construct^ the scale of dedivity of the line of 
which a (5.50) is the projection of one point, and o (7,0), on 
ah, another. Comparing now the references of the points 
on the line, and which is assumed as the projection of tiie 
required tangent, with the references of the points of the 
curve having the same projection, it will at once be evident 
that these two lines have only the point projected in f7.0) in 
common, and that every other point of ^e right line, of 
which aob is the projection, is exterior to the curve, and 
therefore the line itseli must be tangent fb the curve at the 
point determined as above. 

39, Pt<^. 11, PI. 1, Fig. 15. To oonstruet the el&rrwnts 
of a cone, with a given "Vertex, whdoh shall mmdqpe a given 
s^irface. 

Let (10.0), &c., be the horizontals of the given surface ; 
and a (6.0) the projection of the vertex of the cone. 

From a, draw lines ab, etb', &c,, as the horizontal traces 
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of vertical planes wHch pass through the vertex and inter- 
sect the surface. Construct, by Prob. 10, the tangents from 
a to the curves- cut from the surface by the planes ah, &c. 
These tangents will he the required elements. 

30. Frc^. 12, PI. 1, Fig. 15. Tojmd the mrve of_ in- 
iepseoiion of a cone erwdopvng a gwen surface hy a horizon- 
talplame. 

Let (9.0) be the reference of the given horizontal plane. 
Having found, by Prd)S. 11 and 12, the elements of the cone, 
and constructed the scale of declivity of each one ; then 
joining the points o, o', o", having the same reference on 
each Bcale as the given horizontal plane, a continuous line 
mo"o'on will be obtained, wbieh wall be the projection of 
the points where the elements pierce the given plane, and 
therefore the projection of the required intersection, 

31. Pr<^.lZ,Pl.%Fig.l. A Umitedeattmt of surface 
hemg gi/oen,, amd apomt &et&rioT to it, to find the Trndts toith- 
i/n, wMch ^/Mies ina/y lie passed Umntgh this pomt and lie 
above aU the aimen svrfaoe. 

let a (8.0) be -the projection of the given point; (10,0), 
(9.0), &c,, the horizontals of the given surface, the lunits of 
which are the sector contained within the are PDO, and 
the two radii aB and <s(7. 

Taking a as the vertex of a cone which shall envelope 
the given surface, the elements of this cone can be found by 
Probs. 11 and 12. Any plane tangent to this cone, which 
does not intersect the surface witMn the given limits, will 
satisfy the conditions of the problem. 

iVom the position of the vertex of the ebne with respect 
to the surface, it will be seen that a horizontal plane, passed 
through the vertex, will cut from the cone two elements 
wHei. will be projected in the two horizontals ah' and «6" 
(8.0) of the cone, the first of whieh will be tangent to the 
horizontal (8,0) of the surface, and the second a5" will 
pierce the surface, where the limitins arc BI>G cuts the 
same horizontal (8,0) ; and that all the elements projected 
within the angles Bw>' and 0<A>" will lie below th© horizon- 
tal plane (8.0). Now, if the elements within th^e angles 
be prolonged beyond the vertex, they will form two portions 
of cones having the same elements as the pta^ions below the 
vertex, and it is evident that any plane passed tangent to 
either lower portion, as VaB, within one of these angles, 
will leave this portion below it, and the corresponding por- 
tion, formed by the prolonged elements, above it ; and, in 
order that this plane shall satisfy tlie conditions of the probr 
lem, it must also leave the portions of the cone witliin the 
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V, and h"aC, also below it. The same reasoning 

„^j. s to planea passed tangent to tlie portions of the cone 

within each of the other two angles. It is therefore evident 
Jiiat a plane, which shalj satisfy the conditions imposed, 
must leave all that portion of the cone which lies above the 
horizontal plane (8,0) throngh the vertex, below it, and all 
the prolonged portions, corresponding to the portions below 
the plane (8.0), above it. 

To find any such plane, let the cone be intersected by a 
horizontal plane, as (9.0), by Proh. 12, This plane will cat, 
from tlie portion of the cone within the angle Vab", a curve 
of which non' is the projection ; the two extreme points of 
this curve, within the limits, being at the points mn\ where 
the horizontal (9.0) of the surface cuts the limiting arc; it 
vrill also cat, from each of the prolonged portions, a curve, 
the one mr, and the other rn'r' ^ the extreme point m of irvr 
being on the prolongation of the eztreme element aG ; that 
m' of the other on the extreme element aB, on the other 
side, prolonged. Having obtained these three curves, let 
tangent lines, tm, m's', he drawn, from the points -m and m', 
to the curve Tion . A plane passed through either of these 
tangents and through the corresponding element of the cone 
as or as', drawn through the tangential point, wiU be a tan- 
gent plane to the cone ; and as either of these planes will 
leave the curve non' on one side of it, and the two curves 
w/r, and mV, on the other, it will leave all the portion of 
the cone corresponding to the first curve below it, and the 
portions corresponding to the other curves above it; and 
will therefore satisfy the required conditions. The same wiU 
hold true for any tangent plane to the cone along any ele- 
ment drawn between the points s and «'/ since the tangent 
drawn to any point of the curve non', between the points s 
and s', will leave this curve on one side of it, and the other 
two, Tivr and mfr', on the other. 

32, Prdb. 14, PI. 1, Fig. 16. Through a. gvom Une to 
pass a plane tangent to a surface. 

Ist. Let ah be the projection of the given line, and (10,0), 
(9.0), &c,, the horizontals of the surface. - From the points 
on the line, as (10.0), &c., draw lines tangent to the horizon- 
tals having the same references; the tangent which makes 
with the projection of the line the least angle towards the 
descending portion, will, with the line, determine the requir- 
ed plane, 

For, let the tangent (10,0) be the one which makes with 
ah the least angle ; from the other points, (9,0), &c,, of ab, 
draw lines parallel to the tangent (10,0) ; these lines will lie 
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in the plane that containa this tangent and «5, and will be 
horizontals of this plane ; they also lie respectively in the 
planes of the horizontals (9.0), (8.0), &c., of the surtace, hut, 
since they fall exterior to these horizontals, it follows that 
their plane also lies exterior to ev«ry horizontal curve of the* 
surface, except at the curve (10.0), and where it touches the 
surface at the point of contact of its horizontal (10.0) with 
this curve, 

2d. When the line ah, PI. 1, Fig. 17, is horizontal, let 
tangents he drawn to the horizontal curves and parallel to 
ah. These tangents may he r^arded as the elements of a 
cylinder which envelops the surface, the tangent plane to 
which will be tangent to the surface. To iind the element 
of contact of the plane and cylinder, let the cylinder and 
given line be intersected by an arbitrajy vertical plane, of 
which od is the trace, irom the point o, (6.5), whei'e the 
line pierces this plane, let a tangent Hne be drawn to the 
curve cut from the cylinder by the plane, by Prob. 10. The 
point of contact will determine the position of the element 
of the cyhnder along which the plane, through tuS, will be 
tangent ; since the tangent to the curve projected in od, with 
the line db, will determine the tangent plane to the cylinder. 

3d. When the line <A, PI. 1, Fig. 18, is so nearly hori- 
zontal that tangents cannot be drawn from its points, within 
the limits of the drawing, to the horizontal curves. Let any 
point of the line, as o, (7.0), he taken as the vertex of a cone 
enveloping the surface; a plane passed through the line and 
tangent to the cone will be tangent to the surface. 

Kud, by Prdbs. 10 and 11, the projection m-ni of the 
curve cut from this cone \ij the horizontal plane (8,0) ; from 
the point (8.0) of i^ draw a tangent to mm. This tangent, 
with the Ime «S, will determine the required plane. 

33. Prdb. 15, PI. 1, Fig. 19. To find ajmroayitimtek/ 
the p<md vih&re a given right Une pterees a surface. 

Let (8,0), (9,0), &c., he the horizontals of the surface, and 
df the scale of declivity of the line. Through any two 
points, as a (9.0) and c (8.0), draw two parallel Hnea, as am. 
and on, which may bo taken as the horizontals of an arbi- 
trary plane passed through the given line. Joining the 
points m, n where the horizontals of the arbitrary plane in- 
tersect the corresponding horizontals of the suriace, this 
line rrm will he the approximate intersection of the plane 
with the zone of the surface between the horizontals (8.0) 
and (9.0), and the point o where rrm intersects df will be 
the approximate point required. 
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3i. Prol. 16, PI. 1, Fig. 20. To find the intersecbion 
of a ;pla/n6 wnd swrface. 

let (10.0), (9.0), &o,, be the borizontaJa of the surface, 
ef the Bcale of declivity of the plane. 

I Draw the horizontals «f the plane having the same refer- 
ences as the horizontala of the Burfaee, the points of inter- 
section of the corresponding lines -will he the projections of 
points of the required intersection. 

When it is d^ired to find a point of the curve of inter- 
section intermediate to two bonzontal curves ; if the refer- 
ence of the required point is fixed, it will be necessary to 
construct. Art. 37, the horizontal of the surface, and the 
horizontal of the plane having this reference ; their intersec- 
tion will give the projection of the required point. If the 
reference of the required point is not toed, draw any gene- 
ratrix, as ao of the zone on which the required point ia to be 
found, and by Proh. 8, Fig. 11, find the projection of the 
point, as o, where ffic pierces the given plane; thia will be 
the required point. 

85. Application of Preceding Problems. 

The following problems will aid as illustrations of the 
preceding subject in its application to the determination and 
delineation of lines and siuf aces. 

36, Prol). 1, PI. % Fig. 3. Tkeplmie of dts of a work, 
the extenor 1/me emd mde of d^elmii'y of its terre^ 
gwen; to consinict the ptcme of the ra/) 
footj also a ramp of a given indmaUor- 
shpe hading from the pkme of site to the terre^ein. 

Let a (74.50) and h aS.O) be the references of two points 
on the exterior line ot the terre-plein, and nw its scale of 
declivity ; let the rampart-slope be ^, the declivity of the 
ramp ^, its width 4.30 yards ; and the plane of site be hori- 
zontal and at the ref. (60.0). 

The foot of the rampart-slope lying in the plane of site 
win be horizontal, and will be detennmed. Proi. 6, Fig. 8, 
by finding the line of the slope at the ref. (60.0). 

Having the two bounding lines of the rampart-slope, the 
inner line- cd of the ramp ia eonetructed, by assuming a 
point c, on the foot of the rampart-slope," as the point of 
departure, and determining the line of i drawn from o on 
the rampai-t^lope by Prob. 3, Fig. 5. Having foond this 
line, which is also the line of greatest declivity of the ramp, 
the exterior line ef of the ramp is drawn parallel to it, and 
at a distance 4.30 yds., equal to the width assumed for the 
,ramp. The horizontals of the ramp will be pei^ndicular 
io these two lines. The foot of the ramp, ce, will be a hor- 
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izontal line, drawn tirOugh the point of departure. The 
top of it, df., will he determined hy PrtA. 1, Fig. 9, by find- 
ing the intersection of the ramp and the terre-pleia, one 
point of -which will be the point a (76.30), the intersection 
of the inner line of the ramp and the interior line of the 
terre-plein. 

The ramp is terminated on the exterior, hy passing a 
plane through, its exterior line ef having the same slope as 
the rampart^l'ope. This plane will intersect the plane of 
site in a line parallel to the foot of the rampartrelope, and 
the terre-plem in one parallel to the extenor line of the 
terre-plein, 

37. Prob. 18, PI. 3, Mg. 3. Hwomg gwen the Unes of 
th^pa/Fwpet of a worlc, mid the scales of decUo&,y of the planes 
of lis ini&rior ^crest <md terre-plem, to determdne the lines amd 
smfaoes (jf a ha/rbette m its salient for fve gims. 

Let op be the scale of declivity of the plane of the interior 
erest, which, as the terre-pJein is parallel to the plane of 
the interior crest and 8 feet below it estimated vertically, 
win also serve as the scale of dechvity of the terrerplein, by 
subtracting 8 feet from the references of the former to obtain 
the corresponding references of the latter. Having con- 
structed a pancoop^ of 4 yds. in the salient, find the intersec- 
tion of the top surface of the barbette, which is horizontal 
and assumed on the drawing at the reference (83,75) with 
the planes of the interior slope, this intersection will deter- 
mine the- foot of the genouillere of the barbette. From this 
last line at the pancoup4 set bach along the capital a distance 
of 8 yds., and from the extremity of this line draw a per- 
pendicular to the interior crest of each face. The pentag- 
onal figure thus marked out will be the space for the gmi m 
the saEent. From the foot of each of the perpendiculars 
set off along the faces distances of 13 yds. for the lengths 
along the interior crests to be occupied by two guns on each 
side of the salient. Setting back from the extremities of 
these two last distances perpendiculars to the interior 
crest of 8 yds. and drawing lin^ through the extremities of 
these perpendiculars parallel to the interior crests, they with 
the two perpendiculars will mark out the exterior bounding 
lines of the barbette. By passing planes of | or 45° through 
these exterior lines, and finding by Prob. 7, Pig-'^, their in- 
tersections with the terre-plein, these lines wUl be the foot 
of the barbette slopes. A ramp having a slope 4 leads from 
the terre-plein to the top of the barbette ; the width of this 
ramp is 3.30 j6b., its interior line in projection being on the 
1 of uie foot of the banquette slope. The ramp 
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19 terminated by aide elopes of i, the intersections of wliich 
with the terre-plein and the slopes of the barbette and ban- 
quette are found by PwJ. 7, Fig. 9. The foot of the i-amp 
or its intersection with the terre-plein is also found by the 
same problem. 

As the top surface of the barbette ia horizontal, it may 
be necessary in some cases to make the interior crest along 
the barbette also horizontal, in which case the superior slope 
of the parapet alons the barbette being higher than the 
rest of at, the two planes will be connected by a plane of 
45°, aa at O. 

38. Prd>. 19, PI. % Fig. 4. To determine the hoimding 
mirfacea of a ra/mp leading iim cm, wregidwr mirface a/nd so 

£" iced thai its' aoM or cmia-e wm shall nea/rly covnoide imth 
irreg^a/r swfaee. 

Let (8.0), (9.0), &c., be the horizontal curves of the sur- 
face, and let a (8.0) be the point of departure or foot of the 
ramp. Assuming the declivity of the ramp |, for example, 
from a, with a radius of 9 units, describe an are, .and loin 
by a right line the point i where it cuts the horizontal (9.0) 
vrith the point. Repeat this construction from 5 to c on the 
horizontal (10.0) ; and so on to the top e or point of arrival. 
The broken line arb-c-d-e will be the projection of the axis. 
But, to avoid the angular changes of direction, the straight 
portions of the axis may be connected at the angular points, 
by setting off from J, for example, the equal distances iaf, 
ho', and connecting these points by an arc of a circle t^gent 
to the straight' portions. The same construction being re- 
peated at the other angular points, the broken line wzU be 
replaced by the sinuous Ene aa'c', &e., aa the axis. Having 
determined the axis, the exterior and interior lines of the 
top surface are drawn parallel to the axis, and at a distance 
from it equal to half the assumed width of the ramp. 

From the position of the axis the exterior half .of the 
ramp will be in embankment and the interior in excavation. 
To determine the side slopes of the embankment pass planes 
through the straight portions of the exterior edge of the 
ramp, and find by Prmi. 6, PI. 1. Fig. Sj. the horizontals of 
these planes, and by Pr<^. 16, Fig. 20, the intersections of 
thrae planes with the irregular surface. The plane surfaces of 
the side slopes thus determined are connected by curved sur- 
faces which pa^ through the curved lines of the exterior edge. 
These surfaces may be determined as follows : Take, for ex- 
ample, the point n at the foot of the plane side slope A where 
it cute the radius through a' prolonged, of the are a'c'; and 
the point o on the radius through c where it cuts the foot of 
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the plane side slope B. The lines of livhich nv and ou are 
the projections will evidently have the same inclination, and 
they may be a^umed as the lines of junction of the piano 
slopes A and J? and the curved side elope x. This curved 
side slope may then be generated by the motion of a right 
line which has the top line of which i>u is the projection for 
its directrix, whilgt in its motion it makes a constant angle 
with the plane of comparison, and ite projections are con- 
stantly normal to the arc mi. From the construction com- 
prising these conditions the foot no of the curved portion x 
of the side slope is determined. The same constructions are 
repeated to obtain the portions O of the plane, and y, 2 of 
the curved side slopes, with the line m-nr<Hp-q^s the foot of 
these slopes. 

The side slopes of the part in excavation AI, B', 0' and 
3^, y' with the line m'-n'-o'-p'-q^-^' are determined by like 
constructions. 

The portions of the top surfaces of the rampa bounded 
by the arcs of circles, are heheoidal surfaces, of which the 
axis is the directrix and the plane of comparison the plane 
director. 

The curved surface side slopes are also evidently helicoi- 
dal surfaces, the directrices of which are the curved liiies 
above mentioned, and the vertical lines through the centres 
of the arcs which are the projectibns of those curved lines. 

Remarks. In the figure the declivity of the side slopes 
of the embankment is one-half the excavation. The decliv 
ities of the curved portions of the top are greater than those 
of plane the surfaces the difference depending on the angle 
between the straight poriions of the axis. 

39. Observations on the best mode of executing 
Drawings. 

Accuracy. The first requisite in all drawings is minute 
aoct/^acy, both in tlie geometrical constructions, and in writ- 
ing down all letters and numbers which serve either as ref- 
erences, or to give dimensions. To attain this, so far as 
regards the geometrical part, judgment is to be exercised in 
the selection of the means for establishing on the drawing 
the positions of the various points which are either given or 
to be found ; as one method although in theory as correct as 
some other may not, in practice, be found to yield as satis- 
factory results. The following remarks will serve to illus- 
trate this point : 

1st, In setting off from a scale 0/ equal pm^ts semrdl dis- 
tances, along a Ivne, whether equal or unequal, the most ac- 
curate method is to commence by first setting off the entire 
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distance, and then the several parts ; taking care to verify, 
from the scale, the ag^egate of the several partial distances ; 
thus in the example Fl. % Fig. 5, where tne aggregate of 
aU the partial distances is 60.33 feet, commence by setting 
off the entire distance 60.33 feet; next 50.33, which is the 
sum of the two distances 20' and 30'.33, then -verify the re- 
maininglO' by the scale, 

2d. Wlim, a distance to le set off is so muM that it can- 
not be laid down with accuracy by the pointe of the dividers, 
the following method may be employed i set back, from the 
point from which the required distance is to be set off, any 
arbitrary distance, then set forward, from this last point, a 
distance equal to the amn of this arbitrary distance and the 
one required; thus in PI. 2, Fig. 6, where 2' is to be set off 
from a towards c, set back from a say 30' to 5, then from 5 
32' to e. 

Sd, To set off apoimt at a gi/ven perpendicular distmioe 
from a Une, it will mostly be found more speedy, and more 
accurate, to take off from the scale the given distance, in 
the dividers, and, setting one point on the paper, bring the 
other so that the arc described by it, with the given distance 
as a radins, shall be tangent to the line, than to employ the 
nsnal method of first erecting a perpendicular to the line 
and then setting off the required point along the perpendie- 
nlar; thus in Pi. 2, Fig. '?, wishing to set off o at 20' from 
ab, take 20' in the dividers, and, by the eye, find where one 
point must be placed so that the other describing an arc will 
touch ab. This method will be found convenient in drawing 
a paraUel to a line at a given distance from it by setting off 
another point in the same way, and drawing through the 
two the required parallel. 

4th, In setting off several points for the purpose of drmo- 
ing s&veral parallels to a gimen Ime, as, for example, the par- 
allel lines which bound the planes of a parapet, it will be 
found most speedy and accurate to draw first upon a slip of 
smooth thin paper two lines perpendicular to each other, 
then marking on one of the lines the respective given dis- 
tances of the parallels from the other, andcutting the paper 
close to the line along which the given points are marked 
off, so that the strip when laid upon the drawing so as to 
have one of its lines to coincide with that to which the par- 
allels are to be drawn, their distances from it can be pricked 
off bjf a sharp pointed pencil, or in any other way. In PI. 
2, Fig. 8, ah is the line of the drawing; ^1 the strip of paper, 
fc, fd, fe, (fee, the distances at which the parallels are to be 
drawn from ab, marked off on the edge of J. perpendioilar 
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to the line /, -wiiich line when A is laid on the drawing, 
should coincide with ah. If the line «J ia somewhat long, it 
will he better to set off these points near each of its extrem- 
iti^ and join them hy lines, than to draw the parallels in the 
nsual way by aid of the ruler and triangle. 

5th. Wnen a pomt is to ie consbracUd l>y mecms of the 
intersection of two Unes a/rbitra/rH/y eliossn, such a position 
should he assumed for the arbitrary lines that they shall' not 
form a "very acute angle at their point of intersection, as in 
that case ui.\& point might not be so distinct to the eye as to 
be marked with accuracy. Tor example, in erecting a pei- 
-pendicular to a line at a given point, and in like problems, 
m which poinfe are fonnd by the intersections of ar<ffi of cir- 
cles, it wiU he best and m<ffit convenient to take for the radii 
of the ares the distance between their centres, aa the angle 
between the tangents to the arcs at their point of intersection 
will then be 60°, which is a sufficient angle to give accurately 
the point where the Hnes cross. In cases like Figs. 10, 11, 
Arts. 32, 23, the arbitrary lines ab, a'V, &e., should be so 
chosen as to intersect the horizontals nearly at right angles, 
and so, also, that the resulting lines, by which the points o, 
o', are determined, shall not intersect in too acute an angle. 

In all such cases of determining points, and where appoint 
is pricked into the paper, it will be found weU to designate 
the pomt thtis G, by a small circle drawn around it wifli the 
lead pencil, in order tUat the eye may see it with more dis- 
tinctness. 

6th. In determmifig a porUon of a Une ty the construc- 
tion of two arbitrim/ points^ the points should be so .chosen 
that the portipn required may fall between them and not 
beyond them. In Pi. 1, Mg. 10, for example, if the requir- 
ed portion of the line of intersection of the planes extended 
on either side, beyond o, or o', or beyond both, the lines ab, 
cd, &c., should be so chosen as to bring o and o , as far apart, 
at least, as the length of the required portion of the line 
which they serve to determine. 

7th. No means of verifTing the accuracy of the construc- 
tion of points, or lines, should he omitted. In JPl. 1, Fig. 9, 
for example, other corresponding horizontals should t)e drawn, 
and, if the line of intereection determined by the.two points 
firet found is correct, tlieir points of intersection also will 
fall upon it. In Fl. 1, Figs. 9, 10, the scale of declivity of 
the line of intersection being determined, the references of 
the points, where it intersects the scales of declivity of the 
planes, should be the same as the same points on the scales, 
if the line has been accurately determined. A genera! and 
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miiiiite verification of all the parts of the drawing should be 
made before any portion of it is pat in int. 

Neatness. This ia a not unimportant element in the at- 
tainment of accuracy in drawing. A few minutiae, when 
attended to, will subserve this end. 

■ That part of the paper on which the draughtsman is not 
working shoald be tept covered with clean paper, pasted on 
the edge of the hoard, so as to fold over the drawing, and 
the parts which are finished should be similarly protected. 

Before commencing the daily work the paper should be 
carefully dusted, and the scales, rules and triangles be care- 
fully wiped with a clean dry rag. 

As few lines of construction as possible should be drawn in 
pencil ; and only that part of each which may be strictly ne- 
cessary to determine the point sought. As, for example, where 
a point is to be found by the intersection of two ares of cir- 
cles; when the position of the point can be approximately 
judged of by the eye, .only a portion of one arc, which will 
embrace the point, may bo drawn, and the point where the 
second arc would intersect the first be marked without 
describing the arc. In PI. 1, F^. 10, instead of drawing 
the entare Knes ah, cd, &c., it would be simply necessary to 
mark the poihte only where they cut the horizontals ; and, 
in like manner, the points o and o' might be marked without 
drawing the entire lines, 

No more of any line of the drawing should be made in 
pencil than what is to remain permanently in ink. The ob- 
ject of these precautions is to keep the paper from becoming 
covered with dirt and the lines from being defaced by the 
wear of the paper. 

Inking. In inking the lines the following' directions will 
be found useful ; 

Efface carefally all pencil lines that are not to be inked ; 
and those parts of the permanent lines which are not to re- 
main, before commencing to ink. 

When right lines are tangent to cnrves, put in ink the 
curve before the right line ; draw all arcs of equal radii at 
once, one after the other; if several ares are to be described 
from the same centre, it will be well to put a thin bit of quill 
over the ppint for the end of the dividers to rest on, to avoid 
making a la^e hole in the drawing. 

K the drawing ia not to be colored with the brush, all 
the lines of one eSor should be put in before commencing 
on those of another. 

^ If one of the bounding lines of a surface ia to be made 
heavier than the others, its breadth should be taken from 
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the surface they Ihnit and not he added to it ; and when the 
heavy line forms the houndary of two Burfaces, its breadth 
mi38t he taken from the one of greatest declivity. 

Coloring. "When the drawing is to be colored, all linea 
that are not to be'black may he put in first vrith black, mak- 
ing them very faint, so that they may receive their appro- 
priate colors after the drawing is otherwise completed, 

No heavy line should be put in until the work with the 
brash is completed. 

When all the lines are in, the drawing should be thor- 
oughly cleaned with stale bread-crumb ; and then have sev- 
eral pitchers of water dashed over it, the board being placed 
in an inclined position to allow the water, colored by the ink 
Imes, to escape rapidly, and not to discolor the paper. 

In using the brush, whether for flat tints, or graded, the 
requisite depth of tint should be reached by a number of 

t tints laid over each other; this is especially i 



in l^ing tints of blacks, browns, and reds. 

To obtain an even flat, or graded tint, on dry paper re- 
quires considerable skill. The best plan for this is, first to 
wet with a large brush, or clean rag, the surface on which 
the tint is to be laid, then, with a slightly moist rag, clear 
the surface of water, and before the paper has time to dry 
to lay on the tint. "With this precaution, the heaviest tints 
of Cninese ink, the most difficult of all to manage on dry 
paper, can be neatly laid down. . 

Titles, &c. The lettering and numbering of a drawing 
should be in ordinary printed character; this is particularlv 
requisite in the numbering, to avoid misapprehensions Which 
often arise from individual peculiarities m writing numbers. 

As has been already remarked, references are written in 
black, within brackets which, when practicable, embrace the 
point referred to. When not practicable, a small dotted line 
may lead &om the point to the reference ; thus, 0, , ,(35,50) ; 
but to distinguish references from other numbers the desig- 
nation of the unit is omitted. 

All horizontal distances between points are written upon 
a dotted line drawn between the points, with an arrow-head 
at each end ; where several partial distances in a ri^ht line 
are marked, it will be also well to mark the total distance : 
the latter may be written above or beneath the former, PI. 
2, Fig. 5. 

In writing horizontal distances, the usual designation of 
the unit is always written thus, y for yards, ' for feet, &c. 
AH the numbers must be expressed in the same unit ; the 
fi'actional parts being in decimals. 
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Eeferences and horizontal distajicee cannot be too much 
nraltiplied, in order to avoid misapprehensions, and the re- 
sults of errors of construction, as ■well as to save the time 
that -would be taken in applying dividers to the drawing to 
find from the scale affixed to it the dimensioDe of any part. 

Scale. A scale very accurately constructed should be 
affixed to the drawing before it is cut from tlie board; so 
that the shrinkage of the paper, which is about ^J^, may 
affect all the parts equally, and the scale thus be made to 
correspond to the real lengths of the lines on the drawing. 
The scale should be divided according to the decimal system, 
as being most convenient for counting off. 

The first division of the scale should furnish the units, 
and also their decimal parts, if the scale bears that propolir- 
tion to the true dimensions of the object reprefiented which 
will admit of these divisions. This first division is numbered 
from right to left, PI. 3, Fig. 9, the zero point beiifg on the 
right, the 10 point on the left ; the succeeding divisions, to 
50 inclusive, should each be equal to the first division, con- 
taining ten units each. The remaining divisions may con- 
tain fifty units each. It will be seen that any number of 
tens, units, or fractional parts of a unit can thus be readily 
taken off from the scale by the dividers. The scale should 
be long enough to give the dimensious of the longest line on 
the drawing. 

The proportion which the scale bears to the true dimen- 
sions of the object should be written above the scale; thus, 
Scale one inoh to ten yards, or ^J^. And the designation 
of the unit of the drawing should be annexed to ttie last 
division on the scale, as yds. for yards,/";!, for feet, &c. 

Note. — Tor more detailed directions on the mechanical 
or instrumental methods of geometrical drawing, see Mahan's 
Industrial Dra/mng. 
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STONE CUTTING. 

The obfeet of this Article is to explain the geometrical 
methods oi representing the more usual and elementary 
comhinations of hloeks of stone in walls and arches, by 
means of their projections ; and from these and the data of 
the problem to deduce the true dimensions of the bounding 
surfaces and lines of each part. 

Walls 'bounded by Plane Surfaces. In walla of cut 
atone ° the bloets are usually separated by horizontal and 
vertical joints ; the lattei- being in vertical planes perpendic- 
ular to the face of the walls, and wliich are termed jilanes 
of rigjit secium, to distingoish them from other vertical 
planes of section. When the face of the wall is inclined to 
the horizon, its slope, or baUr, is usually expressed by the 
ratio of the base of the slope to the perpendicular, measured 
ia the plane of right section ; or the slope is said to be so 
many base to so many perpendicvdar. In the right section 
A'B'O'jy, {PI. A, Fig. 1,) for example, the inclination of 
tie face A'C' to the base of the wall AS', is measured by 
dividing the perpendicular CW from C upon the line A'H', 
by the distance A'E' between the point A' and the foot of 
the perpendicular. The quotient ^. thus obtained, is ev- 
idently the natural tangent of the angle C'A'E' ; and the 
most convenient method of representing the batir is by a 
fraction ; the numerator expre^ing the number of units in 
the perpendicular, and the denominator the corresponding 
number of units in the base; thus a batir of f expresses a 
slope of six ■ perpendicular to one base ; a batir of |, one of 
three perpendicular to two base, &c. 

Prob. 1. Mamng gwen the right seebion of a waU, to 
eonsf/md the ^ojecHons of its hounding lines, <md the edges 
of the hyrUontA and vermcaZ joints. 

'L6tA'B'iyC',{Pl.A,F'tg. 1,) be the right section ; the 
base A'£' and the top O'J)' being norizontar; the face A'C 
having a batir r|i=f ; and the back JB'D' vertical. 

Draw a line AA, , to represent the foot of the face in plan. 
Parallel to AA, draw C(7, , and at a distance from it equal to 

• See Malian's Cwil Mnijinisring, Art. S5I. 
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A'E\ the distance of the point A' from the foot of the per- 
pendicTilar drawn from C in the plane of right section ; v O, 
will be the top line of the face in plan. Parallel to OC^ , and 
at a distance CD', the breadth of the wall at top, draw 
BS , which will be the projection of the back. 

At any convenient distance from BB draw A" A'" par- 
allel to it, to represent the foot of the wall in elevation ; the 
top G"J)" will be drawn parallel to A" A'", and at the 
hei^t B'D' of the top above the base. 

To draw tie projections of the horizontal edges, suppose 
the wall divided mto four ecLual courses by horizontal joints. 
As the batir of the wall is |, the base of the slope of each 
of these equal courses will be one-sixth of its height ; if 
lines therefore are drawn parallel to the foot AA, , and at a 
distance from each other equal to | the height of each course, 
these lines wiU be the projections in plan of the horizontal 
edges, as shown on the right of the plan. As the projections 
of the vertical edges are contained m planes of right section, 
they will he drawn perpendicular to the horizontal on^, 
and breaking joints with them ; as represented on the same 
portion of the plan. 

The horizontal edges in elevation wiU be drawn parallel 
to ' A"A"\ and at a distance from each other equal to the 
height of a course. The vertical edges will be drawn per- 
pendicxilar to these last, and corresponding to their projec- 
tions in plan. 

Hema/rk. If the projections of any horizontal line of 
tbe face, at a given lieight above the foot of the wall, are 
required, as mn and w/ n', for example, it is evident that 
m n' will be drawn in elevation at the given height above 
the fbot A" A'", and that mm wUl he parallel to ^J.^ in plan, 
and at a distance from it equal to f me height of m"n , 

Prdb. 2. Ha/vi/ng gwen the hati/r of the faces of two 
waUa iltat intersect, the foot of each liemg in the same hori- 
sontidpkme, to da-am me projections of the Une of mterseo- 
tion ofiJie faces. 

let Aa, {Fig. 1,) be the foot of one wall in plan, and the 
batir of its face f ; cS> the foot of the other, and the batir of 
its face \. 

It is evident that the point a will be one point of the 
intersection in plan. If now a horizontal line be drawn in 
each feee at the same altitude, they will intersect and give a 
second point of the intersection of the faces. Assuming any 
altitude for the horizontal hne on one fiice, its projection 
wm, in plan, will be parallel to Aa,, and at \ of the assumed 
altitude from it. In Kke manner, the projection no of the 
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corresponding line on tlie other face having the batir f will 
1)6 parallel to ah, and at . J the assumed altitude Irom it. 
Drawing, therefore, a line through the points a and n, this 
will be me intersection in plan. 

To obtain the intersection in elevation, draw the foot of 
the wall A"a' in elevation, also the line in/'n' at the assnmed 
altitude. The point a will he projected in «', and the point 
n in n'/ and the line a'n', drawn through them, will be the 
intersection in elevation. 

Prdb. 3. To consi/ruct the prelections of the bounding 
Imes o/nd edges of the jomts of a miUress aga/mst M^ mdmr- 
ed fam of a gvo^n, incM; the case of the huUress iemcf gwen, 
and ]>emg in ike sa/me horizontal plane as the tase of the 
waU; the faces of the JyiMress, its md, a/nd the top to hwee 
given slopes. 

Along the foot AA, set off the breadth of the buttress 
ad at its base, and construct the two aides db, cd; and the 
end bo of the base. Let the batir of the face of the wall 
be f ; that of the two faces and Hie end of the buttress f-; 
and that of its top ^. 

By J'rob. 2 constniet the projections, in plan and eleva- 
tion, of the intersections ae, a'e' , and oA, Sh', of the faces 
of the buttress and wall; and thc«e If, hf, and og, c'g', of 
the end and faces. 

To construct the projections of the top surface of the 



._ ..^^ ..B that the top line of the buttress eh, e'h', where 
it joins the wall, is of the same altitude as the top of the 
wall; and that the top surface from this line outwards from 
the wall has the given slope j. Now, if a line as y's' 
be drawn parallel to e'h' the top line, and at any a^umed 
distance below it, this line may be regarded as the projection 
of a horizontal line in the top surface of the buttress; and 
its corresponding projection in plan will be a line y« parallel 
to eh, and at six times the distance from it that y's' is below 
e'h'. Having drawn these two lines of indefinite length, 
construct the projections of the horizontal in the face ofthe 
buttre^ which is at the same distance below the,top. The 

E rejection in elevation will be a continuation ot" the same 
ne y's', and iu plan its projection will be parallel to the 
foot o5, and at a distance from it equal to J its altitude 
above it. Drawing an indefinite line wy parallel to «5 at 
this distance from it, the point y, where it intersects the line 
fs, will be a point of the projection in plan of the intersec- 
tion of the top surface and face of the buttress. The point 
e is another point ; joining e and y by a line and prolonging 
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it imtil it intersecta the projection of tie intersection of the 
iaee and end at _/, this line ef ■will be the projection of one 
eide of the top surface in plan. The other side hsg will he 
found by a like construction. The pointB / and gi being 
joined wiU he the projection of the end of the top Burface, 

To obtain the corresponding lines in elevation ; the points 
y and s are projected into y' and s'; the points e', y', and h', 
z' are joined by lines which are prolonged to meet the lines 
which are the projections of the exterior edges of the but- 
tress at f and g", which correspond to y and g in plan, and 
the points f and ^ are joined; e'f'g'h' is the elevation of 
the top surface. 

The projections of the edees of the verticaljoints in plan 
will be perpendicular r^pectively to the lines oe and cd, and 
breaking joints as shown on the right portion of the plan. 
The projections of these lin^ in elevation will be found by 
projecting their extremities into the corresponding projec- 
tions of 9ie horizontal edges in elevation, as shown on the 
elevation of the face and a portion of the end, on the right. 

Arches. To fecilitate the geometrical operations for de- 
termining the bounding surfaces and lines of the voussoirs of 
arches, a few preliminary problems and theorems, on which 
these operations are based, mil first he explained. 

Pfob. 4, {PI. A, Fiq. S.) JBmmig given a send eyUnder, 
the right section of wlmih %s a semietrcle, and its ams and 
i/wo oowndAng dements hemg horisontoL to construct the pro- 
jections of the i/rvtereection of the cylmaer iy a plane i/nm/ned 
to Us axis and hamng a gvoen mclma^Mn to the horisontal 
plane eoniaming the amsj aim. Hie projection <f the inter- 
section of this seim cyJAmmr with amether semi cylinder with 
a eemicirde also for its right section, the asds amd lotmdmg 
elements of this last leing in the same horizontal ^la/ne as 
those of the first: amd iJien to develop the portion of the 
first s&mi eyUnder which Ues hei/ween the gvoen plane and 
the other cylinder. 

Let a'e'h' be the right section of the given cylinder, and 
o' its centre; the line a'h' being horizontal. I^&i of A and 
h'JB be the horizontal projections of its hounding elements, 
and o'O that of its axis. Let air be the trace of the given 
inclined plane on the horizontal plane of the bounding ele- 
ments ; AS one of the bounding elements of the other cylin- 
der, and iJT its axis. The quadrant AL' the half of the 
right section of this cylinder ; X the centre of this quadrant. 

Ist. Taking any two elements of the given cyunder, at 
the same height, as x'ai, and y'y„ above a'h', they will be 
projected in plan parallel to the axis o'O, and will be drawn 
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indefinitely through the points x^ and y^. The given inclined 
plane will cnt these elements at the same height x'x„ and if 
the projection a?y of a horizontal line in thie plane, at the 
height i^i»j, be drawn, the points x and y, where it cats the 
two elements of the cylinder, will he two points of the re- 
quired projection in plan. To construct this line ayy, let the 
given inclination of the plane be f ; the projection of this 
horizontal line, which is at the height ic'x^ above the foot o5 
of the plane, will he {Prdb. 2) parallel to <d>, and at a distance 
&om it equal to i of a^x^ ; drawing therefore xy parallel to 
trS, and at this distance, it will be the required projection in 
plan. The points at and y thus found will be two points of 
the projection in plan required. In the same way any num- 
ber of points can be found, and the curve atccyb, traced 
through them, will be the required projection in plan. 

The construction just explained, although very simple, 
may be abridged as follows : Through a' draw (^' perpen- 
dicular to a!h ', prolong y'x' to the left, and set on from m"\ 
where it cuts a'j", the diBtauce Trh"'x"' equal to tme, as before 
found. Through a'x'" draw the indefinite Hne a'e'. Kow, 
to construct the projection of any other point in plan, as o 
on the element at the hpight o' ; through o' draw a line par- 
allel to a'V, take the part o"'e"' intercepted between a'f' and 
a'e' and set it off from o, where the projection of tne ele- 
ment through c' cuts ab, to c along the projection of the ele- 
ment ; e wiU be the required point. This is evident &om 
the relations which the heights and horizontal distances con- 
sidered bear to each other. 

2d. To find the projection in plan of the intersection of 
the cylinders. Draw AD perpendicular to AZ. If a dis- 
tance Ar" equal a/x^ is set off on this luie, and a parallel to 
AL be drawn through r", the point ii" where it cuts the 
quadrant will give the point on it through which the element 
of the second cyhnder, at the height x'x, of the two elements 
at x' and y\ is drawn. Through u" drawing an indefinite line 
parallel to AB, the bounding element of the second cylin- 
der, it will be the projection m plan of the element at the 
height Ar"=x'x, ; and the points w and v, where it cuts the 
two projections of the elements of the first cylinder at the 
same height, will be two points of the required projection. 
In the same way other points would be found, by construct- 
ing the projections in plan of corresponding elements on 
the two cylinders. 

This operation, like the former, may be also abridged as 
follows: Through h' draw a perpendicular Vd' to a'V. "With 
a radius equal to AL describe a quadrant tangent to Vd' at 
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b'. Now, if xY be prolonged to the right, it is , evident that 
the distance t"'v!", intercejited between Vol and the quad- 
rant, ia equal to v"i^\ or to tw. In like manner, the point 
C in plan is obtained by setting off from ^, on the element 
AB and along oC, the distance W=t'0', The curve AwCvB, 
drawn throng the pointe thus determined, will be the pro- 
jection in plan of the intersection of the two cylinders. 

3d. To make the development of the portion of the cyl- 
inder which lies between the two intersections thus deter- 
mined, it wiU be necessary to obtain the distances of the 
points of these two intersections fix)ni a curve of right sec- 
tion ; since the tangent to this curve at any point bemg per- 
pendicular to the element of the cylinder at the same pomt, 
the curve when developed will also be perpendicular to the 
elements when developed, and will therefore develop into a 
right line. 

To determine the relative positions of these curves in 
development ; first develop the curve of right section a'c'i\ 
on theTine alV prolonged to the right, by setting off the dis- 
tances Vy", Vg'\ &c., to a", equal respectively to the lengths 
of the arcs h'y', Vo\ &c., to «■'. Through the points v", c", 
&c., draw lines perpendicular to Vol' ; these will be the de- 
veloped elements of the cylinder through y', c', &c. Set 
off along these Unes the distances y"-)), ,c"V,, &c., respectively 
equal to the distances y^^ o'O, &c., and through the points 
Ji, ■y,, C„ w,, A^, draw a curve. This is the developed inter- 
section of the two cylinders. Hake the same constructions, 
on the same developed elements, with rrapect to the distance 
of the points 3/, c, ee, a, from a'i' ; the curve ic,a„ drawn 
through these points, will be the developed intersection of 
the oblique indiued plane and the cylinder. 

In like manner, it the given cylinder were cut by a plane 
perpendicular to the horizontal plane and oblique to its axis, 
of which a^, for example, is the trace, the developed curve 
of ite intersection would be obtained by setting off along the 
developed elements the distances «f the points a, m, 0, &c., 
from a'i', and through the points thus determined drawing 
a curve oo,ff,. 

Hemark. The curve of right section in development 
serves only as a fixed line from which the relative positions 
of other points, with respect to it and to each other, can be 
determined; since it develops into a right line, and the 
elemenlB in development are perpendicular to it. The posi- 
tion of this curve may be therefore fixed arbitrarily, aa may 
be found most convenient for the purp<Kes of the drawing. 
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Prol. 5,, {PI. A, Fig. 4). Let the semicircle MO'B' be 
the curve of intersection of a ^ven eemi cylinder by a ver- 
tical plane, the diameter ^'5' oeing horizontal, and snppose 
the bounding elements through ^ and B' to be limited at 
a horizontal plane at the distance A^ below A'B', and to 
pierce this plane at the points ^and P, on a line parallel 
to AB and at a given distance from it ; these elements being 
oblique both to the vertical plane and to the horizontal plane, 
and therefore not projected on either into their true lengths. 

Let LM be the axis, and PP a bounding element of 
another semi cylinder, the right section of which is a semi- 
circle ; ZM and PP being also in the given horizontal 
plane. 

It is^oposed, with these data, to find the lengths of the 
elements of tlie omque Gylimd&n interested letwe&rt the ■oer- 
tictdplfme of A'B'C' a/nd the horiscnml oyUnder; the &wrve 
of nght section of the (Mique s&tm er/Under at any asswmed 
poimi; emd the d&velcm/ient qf the vorOon of it which liea 
between ^ giv^i verUoal plmie cmdthe horizontal semi cyl- 
ijider. 

1st. The simplest method of finding the true lengths of 
the elements between the vertical plane and horizontal cyl- 
inder will be to construct their projections on another vertical 
plane parallel to them. Let SN be the trace of such a plane 
on the horizontal plane containing the axis ZM oi the hori- 
zontal semi cylinder, and Be' its trace, on the given vertical 
plane. This assnmed plane cuts fi-om the horizontal semi 
cylinder an ellipse of which PN is evidently the semi trans- 
verse axis, and the radius of the semi cylinder, which is 
equal to llie distance between the axis and the bounding 
element PP, is the semi conjugate ; setting off this distance 
from W to JV"', on a perpendicular to PN, and describing 
the quadrant of an ellipse PI^', on these lines as semi axes, 
it will he the half of the curve cut from the semi cylinder, 
and will be its position when the plane in which it lies is 
revolved around its trace PJ^ to coincide with the given 
horizontal plane. In this revolved position of the plane, the 
line Be', in which it cuts the given vertical plane, will be 
found in BO" perpendicular to BW. As this plane contains 
the bounding element of the oblique semi cylinder projected 
in PP, this element will be found in PB" when revolved, 
the height BB" being equal to BB', the height above AB 
in which the element pierces the given vertical plane. 

ISTow, if any other vertical plane be passed parallel to 
the one assumed, as that of which CO, , and 00', parallel 
respectively to PIf and Bg' are the traces, it will cut from 
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the horizontal serai cjHnder an ellipse, equal to the one 
already described; and from the given vertical plane the 
line CO' ; and, as it contains also the element projected in 
00„ by revolving this plane also, lite the last, tracing the 
qnaidrant of the ellipse cnt out, the line 00', and the element 
in their revolved positions ; the portion of this element be- 
tween the vertical plane and tne horizontal cylinder may 
thus be determined. In like manner, the corresponding 
lengths of any other elements, as those which are projected 
in mm^ , and n/n, , might be found. But as these successive 
operations would be long, a more simple and expeditious 
method is resorted to, as follows : As the elements of the 
horizontal semi cylinder are parallel to the given vei-tical 
plane, if all the points on this plane and cylinder are pro- 
jected on the asstimed vei-tical plane of which 5iV" and B</ 
are the traces, by a system of lines oblique to this plane and 
parallel to the elements of the horizontal cylinder, it is evi- 
dent that all the ellipses cut from the horizontal cylinder 
■will be projected into the one cut from it by the assumed 
vertical plane ; that all the lines, as CO', mm , nn', &c., cut 
from the given vertical plane, will he projected in ^o' ; and, 
in tho revolved position of the assumed vertical plane, ■will 
be found in BG"; whilst the portions of elements of the 
oblique semi cylinder, ■which lie between the horizontal semi 

Slinder and the given vertical plane, ■will be projected on 
3 assumed verticS plane in their true lengths, and, in its 
revolved position, will be found parallel to S"£>, and dra^wn 
through points n ", C", &e., at the same height above S, on 
the Kne SO", as the corresponding points ml, C , n', are 
above AB. Drawing these parallels, the portions n"'m , 
C'C", &c., between Sie line SC" and the curve -Z>jV"', will 
be the lengths required. 

Aa there are two elements on the oblique semi cylinder, 
one on each side of the highest one, projected in GG, , as 
those projected in mm, , and nn^ , which are of the same alti- 
tude, the lines B"I>, n"'m", &e., will be respectively the 
revolved positions of the projections of the corresponding 
pairs of theee elements. 

Mema/rk. By using the system of oblique projecting 
lines, instead of the usual mode of perpendicular ones, 
the relative petitions of the lines projected are not changed, 
since these lines, being all parallel to the assumed vertical 
plane, will be projected on it in their true lengths, whether 
the projecting lines be oblique, or perpendicular to this 
plane. By the system of perpendicular projections, a sepa- 
rate construction, like the nrst, would have been requisite to 
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determine each element ; whereas by the oblique one used 
the eonstraction of one ellipse -O-^,, and of theline^C" are 
alone sufficient, 

2d. The curve of right section must lie in some plane 
perpendicular to the elements of the oblique cylinder. To 
fix such a plane, draw a line ^T" perpendicular to the pro- 
jections of the elements on the horizontal plane ; and from 
y, where it cuts £D, another hne 1^2 perpendicular to the 
projections of the elements on the assumed vertical plane. 
These two lines may be taken as the traces of a plane on 
these two planes ; and, as these traces are perpendicular to 
the projections of the elements on the two planes, the plane 
itself win be perpendicular to the elements, and win cut 
from the cylinder a right section. 

To coi^truet this curve of right section, it will be neces- 
saiy to find, in the first place, on the assumed vertical plane, 
the projections of the points in which the elements of the 
oblique semi cylinder pierce the plane of right section. To 
do this, it is evident that the vertical planes which contain 
these elements, as the one, for example, of which (7(7, and 
00' are the traces, cut the plane ot right section in lines 
paralle! to YZ, ite trace on the assumed vertical plane. To 
find the projection on this plane of the line cat out by the 
vertical plane of which (7^ and 00' are the traces, it is 
plain that the point s, where the horizontal traces ^Y and 
(7(7, intersect, will he one point of the required line. This 
point, being in the a^umed horizontal plane, wiU he pro- 
jected into the line 5iV, the ground Ime of the asamned 
vertical plane, at s', by drawing a line through s parallel to 
AB, according to the method o? obhqueprojections adopted. 
If from 3' a hne he drawn parallel to T\Z, this line s's" mil 
be the required projection of the Hne cut from the plane of 
right section by the vertical plane which contains the ele- 
ment projected in 00'. The point 3", where this lino cuts 
0"0' , the projection of this element on the assumed verti- 
cal plane, will be the projection on this plane of one point 
of the curve of right section. In like manner, projecting 
the points X, x, y, &o., into the ground line BJV a* X', asj 
y', &c., and, from these last points, drawing parallels to YZ, 
ihe points X", as", y", &c., in which they cut the correspond- 
ing elements in projection, will give other points ; ajid the 
curve X"x"s"y"Y' will be the projection of the curve of 
right section required, 

Memo/rk. Since the elements are projected on the as- 
sumed vertical plane into their true lengths, it is evident 
that taking any point of this projection of the curve of 
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right section, as ib" for example, the distance ic'W will be 
the trae distance of the point of which a?" is the projection 
from the horizontal aemi cylinder, as measured on the ele- 
ment projected in «."'wi"; and aj"«."' will be its tme distance 
from the vertical plane containing the semicircle A'C'S'. 
In like manner, the true distances of other points of the 
curve of right section from this plane and from the horizon- 
tal aemi cyhnder measured along the elements may be foimd 
from the prmection of this curve. 

Having found the projection of the curve of right sec- 
tion, the curve itself can be found by revolving the plane 
of right section upon the horizontal plane around its trace 
X^±. The distance. S3j . of the point projected in s" from 
Xl^is evidently equal to s'z", since this line is the pro- 
jection, in its true length, of the one in the plane of nght 
section drawn through the point s in the vertical pmie 
containing the element projected in CO'. In \ike manner, 
the distances -IX„ asc„ yy^, being set off fr^m XY, along 
the perpendiculars to it through these points, and equal 
respectively to the distances X.'X!' , ib'ib", &e., the curve 
jEjaijS^jTi will be the reqmred one. The line X^Y^ which 
corresponds to X"Y' in projection will be the diameter of 
this curve. 

3d. Haying the curve of right section in its true length, 
as well as the elements of the oblique cylinder, and the 
points where they cut this cxure, it will be easy to make 
the required developments which, for convenience, will be 
done on the assumedT vertical plane in its revolved position. 
To do this set off on the line YZ, from the point Y, the 
distances Y'b^, ^'^%-, Y'X^ respectively equal to the arcs 
Y^fin Y^„ &c., of the curve of right section. The right 
line YX^ will be the development of this curve. Through 
the points Sj, ic„ &c., thus set offi draw perpendiculars to 
Y'X^, these will be the indefinite lengths of the developed 
elements drawn through the points z^, x„ &c. From these 
last points set off s,C, , s,C, respectively equal to z"0" and 
z" G j in lite manner, set off the distances ic,n^ and tc^jn., 
respectively equal to x"n"' and x"m"', -&c. The curves 
B" O^n^A, , and DC\m,E^ . will be the developments respee- 
tively of the semicircle A0'£', in which the oblique semi 
cylinder cuts the given vertical plane through AJT, and of 
the curve in which it intersects the horizontal semi cylinder. 
The developed portion of the oblique aemi cylinder which 
lies between these curves and the developed positions B"J) 
and A^S^ of its bounding elements will be the one required. 
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4tli. To olDtain tlie Horizontal projection of the curve in 
■which the semi cylindera intersect. Project the points O'", 
ml', &c., into DM, by peiyendicularB ; from the foot, as C^, 
of each perpendicular draw- an oblicLue projecting line 
parallel to AH^ the pointe, as O^, w„ «i„ &c., in which these 
interaect the projections of the corresponding elements, will 
be points in the required projection ; and the curve Dth^ Gpn^E 

Theorem 1, {Fl. A, Fig, 3.) Tf the Unes AB and DE, 
■which hiaeot each oth&i' and are horisontal, are the i/rathsverse 
aa^ea of i/wo semi ellipses, the phmes of the two (mrves lemg 
veriieal, <md hamng the same semi conntgaie ams,projected m 
the point 0, tften wiU tha H/nes widen, joim thepoi/nis of the 
curves ai ■Ate same hdght aiove the horisontal phme of the 
transverse axes he paraUel to each other. 

Let A'C'B' be the projection of the eemi ellipse, having 
AB for its transverse axis, on a plane parallel to itself; and 
let the other curve be revolved about the common serai 
conjugate into the plane of the first and be projected into 
D'G'E'. Drawing any line, as min!, parallel to A!B', it 
will cut the two curves at the points m-', n', and o',p', at 
the same height above the horizontal plane ; the first two 
being projected horizontally in m and n- the second in o^ 
and ^1 in the revolved position of the second curve, and in 
and p in its original position. Joining the points o and 
m, also p and n, then will these lines be parallel to each 
other, and to the lines AD and EB which join the lowest 
points of the two curves. iFor, from the properties of two 
elKpses having a common conjugate axis, me corresponding 
ordmates of the . curves to this axis wiU he proportional to 
their semi transverse axes ; that is, 

m' -.cp' :: G"B' : 0"E'', 
or. On: Op :: CB : CE; 
by substituting the equal lines in horizontal projection. But 
when this last proportion obtains, the lines pn and EB are 
parallel. In like manner, ino may be shown to be parallel 
to AD, and consequently to EB. The same holds true for 
the hues rnp and on, with respect to AE and DB. 

It follows from this that two semi ellipses, having the 
above conditions, will be the curves of intersection of two 
semi cylinders, the axes of which lie in the horizontal plane 
of the transverse axes of the curves, and are parallel respec- 
tively to the hues joining the extremities of these axes. 
The converee of this proposition is also evidently true, viz. : 
if the axes of two elliptical or circular semi cylinders lie in 
the same horizontal plane and intersect, and the highest ele- 
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meat of each is at the same height aliove this plane, then 
will their curves of intersection be plane curves, and be pro- 
;jected on the horizontal plane in the two right lines which 
join the opposite pointe of intersection of the lowest ele- 
ments. 

Th^of. 3, (PI A, Fig. 6.\ Let A'C'B' le the vertical 
fTojeciMm, of a semi eUmse situated m a vertical flam,e, of 
lahhoh AD, pa/rallel to A'B', is the horizontal i/race^ cmd let 
thepomt O, on tJie perpenmoiHa^ 00 to AB whieh bisects it, 
he me horizontal ^yfojecUon of a vertical Une through 0, ana 
let the semi ellipse wnd this veridcal he taken as iJis dirsctrices 
of a miface, generated hy moving a Ime pwaUA to the hor- 
i&074al ^Irnie, cmd in each of its successwe positions toucM/ng 
the vertical at O amd the semi ^l/ipse; then wiU aavy section 
of this swrface hy a pla/ne^ as ad, -pwraUd to the plane of 
me elMpse, be aiso am, eUipse of which the Une ab intercepted 
between OA and OB, wUl he one axis, and the Une O'C egmd 
to the oth&r S0im ams. And a ta/ngent Une dra/wn to this 
dUpse at am/y point, as the one projected *n n, n', will pierce 
Hie horisonial plane in a Une OD, drawn from the potM O 
to tbspovnt D, where a tangent to the directing dUpse at the 
point projected in m, m', at the same height as n', also pierces 
the h(m^OKtal plane, 

1st. Through the point projected in n, n', draw the pro- 
jections Om and o'm of an element of the surface, and 
project the line ab into a'h'. As the lines ^C and bo ai'e 
parallel, there obtains - 

£0 : ho ;: m.C : no; 

hut JiO=£'0'; ho ~i'0', and ni(7=mVy no^n'o'; 
therefore, M'O' : h'O' v. m'o' : n'o', 
which shows, from the properties of ellipses having a com- 
mon ads, that the curve h n' C" is an ellipse, 

2d. Let tangents be drawn to the two ellipses at the cor- 
responding points rn' and n', at the same height above A'B'. 
Th^e tangents will intersect the common axis at the same 
point E', and the other axis at points D' and d' such, that 

O'D' : O'd' :;m'o' : n'o'. 
Projecting the points D' and df into the respective planes 
of the two ellipses at D and d, and observing that 0'D'= 
CD; O'd'^^od; m'o'^mO; aiidn'o'=no; there obtains 

OD : Cm :: od : on; 
that is, the line joining the points J5 and d passes through 
the point 0. 

JZemark. This surface is a right conoid of which tlie 
horizontal plane is the^Ztw 
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pTob. 6. To construct a tangent plane and a. normal 
Une to the conoid at aniypoimt, tz* n, n . 

Draw the projections of the element Om, o'm! of the 
surface at the given point. Pind where the tangent to the 
directing ellipse at the point m-m' pierces the horizontal 
plane. Join this point t) with 0. Throngli n draw a par- 
allel to 01)^ and where it euta OD, at d, (Saw a Kne XY 
parallel to Om. This is the horizontal trace of the tangent 
plane at n, W. For the tangent line at the given point to 
the ellipse projected in ah pierces the horizontal plane at d, 
this is therefore one poial of the horizontal trace required, 
and as the element of the surface is contained in the tangent 
plane and is horizontal the trace XJ^will he parallel to Om. 

The line sm, drawn through n perpendicular to XY, is 
the indefinite projection of the normal to the surface at 
n, «.'. 

Prdb. 1, (PI. A, Fig. 6.) To draw a, tam,g&n,t flcme and 
a normal Ime to a mliooidM svrfaee at a gi/oen jpoint cm the 
swpface. 

Suppose S7Z, the involute of any given curve syuB, to 
be the base of a vertical cylinder ; and let the line Z/y , tan- 
gent to this curve at Z, be the horizontal trace of a plane 
tangent to the cylinder along the element projected m Z^ 
and in this tangent plane, revolved on the horizontal plane, 
let any inclined line Zy" be drawn through tlie point Z. If 
the tangent plane be now retumed'to its vertical position, 
and be wrapped around the vertical c;^linder, the inclined 
line Zy" will form a helix on the cylinder, and the points 
y", m , &e., in their position on the cylinder, will be pro- 
jected into its base, at the points T", m, &e. ; such that the 
sxe& ZY, Zm, will be eq^nal to the distances Zy', Zm', &c,, 
from Z to the projection of these points in the tangent 
plane into its , horizontal trace. If a right line be moved 
along this helix so that in all its positions it shall be parallel 
to the horizontal plane, and be projected on this plane in 
lines as Zs^, Yy, normal to the curve XYZ, this line wiU 
generate a helicoidal surface, the elements of which will be 
normal to the cylinder of which XYZ ia the base, and tan- 
gent to the one of which xys^ is tlie base. 

Let the point projected ia Y, and which ia at the height 
y'y" above the horizontal plane, be the one at which it is 
required to construct a tangent plane, and a normal hne to 
the surface. As the helix mat^ a constant angle, equal to 
the one Zy"y", with the elements of the cylinder, at the 
points where they intersect ; and as a tangent to the helix 
at any point makes the same angle as the helix does at this 
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point witL the element of the cylinder ; it is evident that 
the tangent to the hehx, at the point projected in Z, will 
pierce the horizontal plane, at a point s, on the tangent 
arawn to the curve at Y, at the same distance from this 
point as the distance Ta/^^ZY. This point s will therefore 
he one point of the horizontal trace of the required tangent 
plane. But, as the tangent plane contains the horizontal 
element of the surface at the given point, its trace on the 
horizontal plage will be parallel to tMs element. Drawing 
a line AM throngh z parallel to Yy, this will be the trace 
of the required plane. The normal wUl evidently be pro- 
jected in Xz, as this line is perpendicular to AB the requir- 
ed trace. 

To find the true length of this normal let GD, parallel 
to Ja, be the trace of a vertical plane. The element through 
the given point vrill pierce this plane at a height YY' above 
CI> equal to ify". The normal line vrill be projected on 
this plane in its true length, and wiU pass through the point 
Y. But, as the vertical plane through CD is also perpen- 
dicular to the tangent plane at the given point, the line 
Yz' will be the projection as well as the trace of the tangent 

5 lane on this vertical plane. The hne YS drawn perpen- 
icular to Ys' will therefore be the indefinite projection of 
the required normal in its true length. 

Remark. The trac^ of all tangent planes to the surface, 
at points on the element considered, will evidently be par- 
allel to Yy, the projection of this element ; and the trace 
of any one may be readily found by means of the point z. 
JFor, through y, where the projection of the element is tan- 
gent to the curve siyz, through the point s draw an indefinite 
line yy^ then if at anj' point on the projection of the ele- 
ment Yy a line be drawn parallel to Is, the projection of 
the tangent at J", the point where this para!l,el cuts yy^ will 
be a point in the horizontal trace of the tangent plane at 
the assumed point. This may be readily proved as follows : 
Let the tangent projected in Yz, and the element of the 
cylinder projected in y be taken as the directrices of a warp- 
ed surface of which the horizontal plane is the plane director. 
This warped surface wiU be tangent to thelelicoidal surface 
throughout the entire element projected in Yy^ for they 
have the same plane director ; a common tangent plane at 
the point projected in . Y; and also one, which is vertical, 
at the point projected in y. l^ow, as the warped surface in 
question is a hyperbohc paraboloid, any vertical plane par- 
allel to Yz will intersect it in a right line which will cut the 
element projected in Yy, and pierce the horizontal plane in 
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the line yy, where the trace of the assumed vertical plane 
eirts it. This point will therefore be a point in the trace of 
a tangent plane to both surfaces at the point where the line 
cut from the hjperhohc paraboloid intersects the element 
common to the two surfaces, and along which they are 
tangent. 

jPrd). t, PI. 1. To construct the ^rmecUons amd I/me 
dvmensions of the itntndmg Imes cmd aw/aces of the vous- 
soirs of a honsontalfidl centre a/pch. 

This problem comprises several cases, according to the 
character and the positions of the surfaces which ftrm the 
ends or heads of the arch. 

Case 1st. The weeh being termmated ai one end hy a ver- 
tical plane dIMqm to its asds and at the other hy a vertical 
pkme peT^endimdar td the (ms. 

Let the semicircle {Mg. 1) of which B'O' is the di- 
ameter, be the right section of the sof&t of the arch, and 
having divided it into any odd number of eqaal parts, as 
five for example, draw through the points of division _£"', 
J<", &a., radii which prolong to the semicircle described on 
A'D as a diameter. These radii will be directions of the 
joints in the right section, A'£' being their common thick- 
ness. Through the points A', I', O', &c., drawing vertical 
and horizontal lines, they will be the exterior bounding lines 
of the vonssoira in right section ; the line K'E" which 
bounds the top of the keystone being assmned at pleasure. 

Let AD {Fig. 2) he the trace on the horizontal plane 
containing the axis and lowest elements of the arch of the 
vertical plane obhque to the axis which forms the front end 
of the arch, and ad the trace of the one perpendicular to 
the axis that hounds the back end. 

As the edges of any vousaoir, as the one of which Q'M' 
N'O'P' (Fig. 1) is the right section, are all parallel and 
horizontal, they will be projected into their true lengths in 
plan between the two traces of the end planes. The one 
corresponding to M' will be projected in plan {Fig. 2) in 
Mim^ ; that corresponding to W in N^n, , &c. 

As all the joints, except the two lowest, are obHciue to 
the horizontal plane, their horizontal edges aloile are pro- 
jected into their true dimensions in plan. The two lowest, 
corresponding to A'B' and G'D, are projected into AdbB, 
and UcdJD respectively. To find the true dimensions of the 
others, and the development of the soffit, develop in the first 
place the right section of the soffit, by setting off the dis- 
tances B'Ff'.E'F', &c., {Fig. 5} respectively equal to 
the arcs B'E', &e, {Fig. 1) ; and then, hy Fig. % PI. A, 
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find the pointB S, M^, M,, &c., of the developed curve 
in which the Boffit is intersected by the oblique plane of 
the front end; also the right line a, e^ , m, , &e., which ia 
the development of the rigEt section in which it is cut by 
the plane of the back. The surface bounded by the devel- 
oped curves and the two lowest elements of the semi cylin- 
der ia the developed soffit. 

To find any obHcfue joint in its true dimensions, as the 
one projected m plan between the lines Mjm and iV,«, , set 
off from M' {Fig. 5) to the right along M'C a distance 
equal to M'W {Fig. 1), the breadth of the joint. Trom 
the point W {Fw. 5) draw a line perpendicular to B'0\ 
and from N' set off IPN, equal to dN, {Fig. 2). Join the 
points M\N. y the trapezoidal figure MJyjn,im^ is the requir- 
ed joint. In like manner the true dhnensiona of all the 
other joints are found as shown on Fig. 5. 

Case 2d. The arch lemg iermmatm ai one end ly a plane 
<XlAque to its ams <md to tfte hoTizordal plane of its two loic- 
est dements wnd at the other hy a 'o&rUcal pla/ne perpendicu- 
la/r to the ams. 

Let AD {Fig. 2) be the horizontal trace of the obhque 
plane, and let the angle which it makes with the horizontal 
plane be ■?. Drawing any line vw parallel to AD {Prol). 1) 
as the projection in }Man of a horizontal line of this plane, 
and from any point as .4 a perpendicular Asi to -ow, the 
height of the point ^ above the horizontal plane will be 
three times the distance A^n. Setting off from A! {Fig. 3) 
the length Aie to x', at x' erecting the perpendicular x'x"^= 
3A'x' and joining A', x", the angle x'A'is" will be the angle 
between the obhc|ue and horizontal planes. Taking now 
the distance Ay {Fig. 2) in which the line vw cuts the line 
Aa, parallel to the axis, and setting it off from A' to y' 
{Fig. 3), erecting a perpendicular yy"'^x'x", and joining 
A'y", the angle y'A'y" will be the one between the oblique 
and horizontal planes measured in the vertical plane parallel 
to the axis of which Aa {Jfig. 2) is the trace. 

Having drawn the hne A'y", and the vertical at A', 
the projections in plan of the points in ivhich the oblique 
terminating plane cuts the bounding horizontal lines of the 
voussoirs corr^ponding to the points F', 1', F', &c. {Fig. 1) 
in right section are readily determined by applying the con- 
stntctions in Prob. 4. The points in plan corr^ponding to 
F' and /' {Fig. 1), for example, will be found by drawing 
lines throngh F', 1' parallel to A'y', taking the lengths 
F' E'", A" A'" and settii^ them off from Jl^ and I, {M^. 
2) from the trace AD to Fand I, along the projections m 
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plan of tlie eorreaponding edges of the vonssoire. Tha 
curve BJSF, &c., thuB obtained, and the pentagonal figpes 
ElMGF^ &C.J are the projectioi^ in plan of the ohlique 
eections of the soffit and voussoirs of the arch. 

Smna/rh. As a verification of the accuracy of the con- 
structions, the lines IE, QF, &c., prolonged should pass 
through the point L where the axis cuts the trace -4_Z)y and 
the lines A^I^ HG, &c., should be parallel to AB, as the 
top surfaces of the voussoirs are horizontal planes. 

Case 3d, The a/rch T>emg t&rm/inated hy an (Clique flams, 
as m either of the^ecedmg eases, amd ai the other ex^eimty 
lyy a semi circular cylinder, its aids and two lownd/mg ele- 
wsnts 'being in the sa/me plane aa the corresponding Unea of 
the a/reh and pery>endicula/r to thmn. 

Let ad {Fig. 3) be one bounding element of the given 
semi ^linder. Having set off the radiM of this cylmder 
fi-oni_D, {Fig. 4) on the line A' J) prolonged, and described 
a portion of the semicircle tangent to the vertical DN", 
draw through the points M', HP, &e., {Fig. 1) parallel lines 
to A!D. ~§j Prm. 4 find the projection m plan of J>ef, &c., 
of the curve of intersection of the soffit of the arch and the 
, semi cylinder ; also the projections of the points i, h, g, &c., 
in which the horizontal edges of the voussoirs intersect the 
semi cylinder; the pent^onal figures efghi, &c., will be the 
projections in plan of the lines i^ which the surfaces of the 
vonssoirs intersect the semi cylinder. Any point in plan, as 
n, is found by setting off a length n;n n-om ad along the 
projection of the edge corresponding to I^, equal to the dis- 
tance IiP'JT" {Fig A). 

Itemarh. The lines d,fg, &c., are portions of ellipses, 
which prolonged pass througn the point I, in which the axis 
of the arch cuts the bounding element ad. The lines gh, 
no, &c., are right lines, being the projections of the inter- 
section of the horizont^ surfaces of the voussoirs with the 
semi cylinder. The lines hi, op, &c,, are the prqections of 
arcs ot circles in which the side vertical planes of the vous- 
soirs corresponding to H'l', O'P', intersect the semi cyl- 
inder. 

The true dimemions of the joints in either of the two 
last cases are found by setting off from the hne S'C C^?- 
5) the lengths along tiie perpendiculars, at the points £- ', x, 
&c., which correspond to the distance respectively of the 
points E, _Z"and e, i, {Case Zd, Fig. 3) from A'D. 

Remarh. As a verification of and aid to accuracy of 
construction, let a line U {Fig. 5) be drawn parallel to the 
edge M'w, and at a distance from it equal to L'M' {Fig. 1) 
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projeetioQ in plan of the vous 
ffic, {Fiff. 1) m right section, 
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the radius of the right section; the right lines MW and 
M,^^ prolonged should intersect the line Zl at the same 
point l,,uaeh tiat the length Zl {Fig. 5) shall be the same 
as Zl {Pig. 2). In like manner the curve nu/m prolonged 
should intersect the same line Zl at the point I which cor- 
responds to tiie one I {Fig. 2). Similar conatructions of 
venfication will he found on Fig. 5 {Ph. 3 and 4). 

From an examination of Fig. 2 it will be seen, that the 
r corresponding to M'N'O', 
, will in Cam St? be bounded on 
e'endlij the fi^ire MMO, &c., on the other by the one 
Trmo, &c. ; and bv the parallel lines which join the corres- 
ponding points Mm, 2xn, tfec. 

A^lAcaiion. Having found the principal dimensions of 
the voussoirs, let it be required to cut from a single block of 
stone of the form of a rectangtilar parallelopipedon the 
vousaoir. corresponding to M'N'0\ &c., {Fig. 1) m Case 3d. 
Ih-awing a line >^!F through Q' perpendicular to O'P', and 
prolonging O'JV' to Ji' on the line drawn through M' y&v- 
allel to O'P', the rectangle B'F will evidently be the di- 
mensions of the end of the block within which the voussoir 
in right section can be inscribed. The dimensions of the 
lengto of the block will evidently be determined by drawing 
through the point Q {Fig. 2) a line B'Q parallel to ro. 
Having inscribed on the end of a block of the form and 
dimensions thus found, the iignre in right section, the block 
would be prepared by cutting away those portions, as 
M'S'Q', tfec, which are exterior to the figure. This being 
done, thepoints corresponding to M, JV^, 0, &c., and m, n, 
o, &e., {Fig. 2) can be set ofTon the corresponding edges, 
and the two ends of the voussoir, the one terminated by 
the oblique plane, the other by the semi cylinder, be obtain- 
ed. In cutting away the portions of the block to form the 
curved surfeces of the soffit and of the end of the voussoir, 
a model cut from a thin hoard, by shaping it on the back to 
the form of the arc M'Q' {Fig. 1), and alike model cut to 
the form of the arc DN'", would be requisite as a guide to 
the workman, to be applied, from time to^time, in a direc- 
tion pei'pendicular to the elements of the cylinders, until it 
is found that the models coincide accurately at all points 
with the prepared surfaces. 

Models idso of the true forms of the joints, determined 
in Fig. 5, may be cut from thin pasteboard, or any like ma- 
terial, and be used to verify the work. These fast would 
evidently not be requisite to guide the workman in setting 
off his points where he works from a block of the above 
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form. But, in eases where a block of irregular sliape hfws 
to be taken, they may be found the most convenient for set- 
ting off the points to determine the form of th^e joints on 
the stone. 

Prdb. 8, PI. 2. To eonstruci the projeciions and i/rue 
dwiensiona of the vousaows m the gromed cmd cloistered 
arches. 

In each of these caa^ the sofBts of the arches are formed 
by the intersections of two semi cylindere, the axes of which 
are in the same horizontal plane, and their top elements at 
the same height above this plane. From these conditions, 
the corves of intersection of the soffits [Theor. 1) will be 
plane curves, and will be projected in plan in the diagonal 
lines which loin the intersections of the lowest elements of 
the semi cylinders. 

In the cases selected to illustrate this problem [PI. 2), 
the cnrve of right section of one of the semi cylinders is a 
semicircle {Fig. 1), that of the other {Fig. 2) a semi ellipse, 
each having the same rise L'K; and their axes are taken 
perpendicular to each other. The Joints in each arch cor- 
responding to F'G', &c., are normal to the soffit, or surfaces 
of their respective cylinders ; the npper and lower edges of 
the corresponding joints in each arch being in the same 
horizontal plane, as well as the top surfaces, as G'H' {Figs. 
1, 2), of the vousaoirs. 

Memwrh. Fig. 1 is the right section of the semi circular 
arch ; Fig. 2 that of the semi elliptical arch ; Fig. 3 above 
the line ai is a portion of the plan of the groined arch, the 
soffit of the semi circular arch being projected within the 
angle BKO bhA the corresponding soffit of the semi eEipti- 
eal arch, only the half of which is shown in plan, being pro- 
jected within the angles aKB and 1>K0. Fig. 5 on the 
right represents two of the joints of a groin stone belonging 
to the semi circular arch with the development of the por- 
tion of the soffit between them ; that on the left the true 
dimensions of the corresponding parte of the same stone 
which forms a part of the other arch. 

Fig. 4 below the line ah is a portion of the plan of the 
cloistered arch, the soffit of the semi eUiptical portion being 
projected within the angles B,KO ; that of the semi circu- 
lar portion being projected within the angles ^j^i^^ and 
B^KO^ . Fig. 6 on the right represents the two joints of a 
groin atone which forms a part of the semi circolar arch 
with the portion of the soffit between them ; that on the left 
the corresponding parts of the same stone of the other arch. 
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Groined Arch. Having constructed {Fig. 1) the riglit 
section of the semi ciranlar ai-ch as in Proo. 7, assume WO' 
{Fig. 2) as the transTeree axis of the ellipse of right section 
of the other arch, and placing it at any convenient position, 
on the left, perpendicular to the direction B' C {Fig. 1), set 
off the semi conjugate L'K' equal to the radius of the semi- 
circle, and d^eribe the semi ellipse. Find on the serai 
ellipse, as shown hy the lines ^'h', &c., on the left of Fig. 
1, the points F', F\ &e., at the same height above S'C, as 
the corrraponding points of the semicircle. Construct tan- 
gents to the semi ellipse at these point*, and at the same 
normals for the directions of the joints. Find on these 
normals the points 7*, G\ &e., at the same heights as the 
like poiats in Fig. 1. Through the points F, &', {Fig. 2) 
draw the vertical and horizontal lines Z'JT' and G'S, for 
the hounding lines of the voussoirs. Having completed, in 
this waj-j the right section [Fw. 2), draw, ia plan {Fig. 3), 
the projection of the axes, and the bottom elements of the 
arches, corrraponding to the points B', 6" {Figs. 1, 2). 
Drawing the diagonal lines BE, and CG^ between the points 
where these elements intellect in plan, they will be {Theor. 
1) the projections of the ellipses in which the two semi cyl- 
inders intersect, and which form the edges of the groins. 

To find the projections in plan of the voussoir of the groin 
which corresponds to the one M'N'O', &c. {Fig. 1), and 
F'G'H', &c {Fig. 2), draw Mm {Fig. 3), the projection of 
the lower edge of the joint corresponding to M' {Fig. 1), 
and Min^ the corresponding projection for the point F' {Fig. 
2) ; and in like manner the hnes iVn and J™, , the projec- 
tions of the upper edges. Joining M and iT gives the pro- 
jection of the intersection of the planes of the two joints, 
f^nd in like manner Qq and Qq, ; Pp and Pp, , the projec- 
tions of the edges corresponding to the joints Q'P' and 
E'l'. Joining Q and P gives the projection of the inter- 
section of the planes of the two last jomts. Having found 
the projections in plan of the edges of the joiots and their 
intersections, the voussoir is terminated on uie semi circular 
arch by a joint of right section vtip, take& at any suitable 
distance from the point P ; and on the semi elliptical arch 
by a like joint m^ ,. The required voussoir in plan will be 
the figure MJmpPp^i . The part above the Ime MO be- 
longing to the semi circular arch ; that to the right of it to 
the other. 

To find the true dimensions of the joints of this voussoir 
and of the portion of the soffit which belongs to the semi cir- 
cular arch, draw a line rn^p {Fig. 5) to correspond to the one 
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mm {Fig. 3) of the plane of right section by wliieh the voub- 
80ir is terminated. On this line set off 'rmi=M']Sf' {Fig. V\ 
the breadth of the upper joint; nq=M'Q' the length of 
the arc between the joints; and q^p-^Q'P' the breadth of 
the lower joint. Throogh these points draw perpendiculars 
to the line, and set off on them nN'-^mM {Fig. 3) ; mM-^ 
nN ^ qQ=qQ, andj>P=^P. Join the points M, If, and 
Q, P, by right lines; the pointe iV, Q, by a curve line, an 
intermediate point of which can be fonnd by constructing 
in plan the element yx of the soffit which corresponds to 
the middle point 4c' {Fig. 1) of the are M'Q' and setting 
this line off on Fig. 5 from y, the middle point of nq to x. The 
Fi^. 5 will give me joints required in their tnie dimensions, 
also the developed portion of the soffit between them, and 
which ia hounded at one end by the curve of right section 
corresponding to mq, and at the other by the portion of the 
ellipse of the groin corresponding to JiiQ {Fig. 3). 

In Hke manner the true dimensions of the joints, and 
the portion of the soffit between them, which belong to the 
same stone, and form the portion of the elliptical arch ter- 
minated by the joint of right section m-,^, {-^V- ^) ^^J ^^ 
found, as shown {Fig. 5) on the left ; by setting off the dis- 
tances p,q, , q^m, , mn, , respectively equal to F'f, E'F' 
andi*"&'(-^^. 3), and on the perpendiculars to ^,n, , through 
the points p, , q, , &c., setting off the distances p,P, q, Q, &c., 
respectively equal to i>,P &c., in plan {Fig, S). 

The portion of the hOTstoue which forma the top of 
the groins at the point K {Fm. 3), ie limited on the semi 
circular ai'ch by the joint of right section (?,i\^ ; and by the 
one Sh on the semi elliptical cylinder, with a corresponding 
one on the right of K. 

The joints of right section of the different courses, as 
m^ and G^N, , are arranged to break joint. 

Cloistered Aroh. The constructions for determining 
the projections, &c., of the joints and their true dimensions, 
are precisely the same in this case as in the preceding. 

In Fig. 4 aafij) are the exterior hnes in plan, and 
B^C,B,0, the interior hnes of the top of the walls, or the 
imposts of the arches ; the semi circular arch springing from 
the lines ^5 (7 and C,5 and the semi elliptical form 0,B,, 
The lines C,^and_5,A'are the projections of the hall of 
each groin. 

Ey drawing in plan the edges of the joints corresponding 
to P'Q' and M'Jy' {Figs. 1, 2), and joining the points P, 
Q, and J£, N {Fig. 4), the intersection of these joints r"" 
obtained in plan. The groin stone which < 
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these joints is limited bj a plane of riglit section m/p {Fig. 4) 
taJten at pleasure on the semi circnlar arch, and a like one 
m., », on the semi elhpticaL AJl the parts of this eroiu stone 
will therefore be projected within the figure m^Pp^m^M. 

To construct the joints and the portion ol the soffit in 
their true dimensions which belong to this stone, commence 
{Fw. 6} by setting off on a ri^t line the distance's nm, mq, 
anaqp, respectively equal to lif'M', M'Q', and Q'P' {Fig. 
1), and which correspond to the joint of right section mp 
{Fig. 4). Draw through the points «-, m., &c., thus set off, 
perpendicolars to m/>, and along these perpendiculars set off 
the distances ThJS', mM, ^Q, and pP, respectively equal to 
the same lines on Fig. 4. Join the points NM and QP by 
right lines ; and MQ by a curved line, an intermediate point 
of which corresponding to x' (Fig. 1) is found by setting off 
from y, the middle of tng the distance y,x, equal 3/,*^ {Fig. i). 

In the same way the corresponding portions of the groin 
stone belonging to the joint of right section m^j>, on the 
semi elliptical arch are found from Figs, 2 and 4, 

The top groin stone at K{Fig. 4) which forms a portion 
of the two arches is represented as a single stone. 

The joints of right section in the different courses of 
voussoira are arranged as shown in plan to break joint. 

A^Ucation. Having determined the projections in plan 
of the edges of the joints of a groin stone with the true 
dimensions of the jomts, and the portion of the soffit of 
each arch belonging to it, their uses in shaping the stone 
from the solid blocK will be easily understood. Taking, for 
example, the groin stone of the groined arch, the right sec- 
tions of which are given in Figs. 1 and 2 ; the plan in Fig. 
3 ; and the true dimensions of the joints, &c., in Fig. 6, it 
will be readily seen that, supposing a bloet from which the 
stone is to be shaped to be a rectangular parallelopid, its 
thickness must be such that the right section M'N'O', &c., 
{Fig. 1) can be inscribed within the rectangle of the end 
that corresponds to the joint of r^ht section mp {Fig. 3) of 
the semi circular arch, and the figure F'G'S^, &c,, be in- 
scribed within the end corresponding to ihe joint 111,^, of 
the semi eUiptical arch; and the length of the block must 
be equal to mM, and its breadth to J/m . 

Having inscribed upon the ends of the block the two 
figures of cross section, the portions of the solid exterior to 
them are gradually worked off until the dressed surfaces 
coincide with Fig. 5, which may be ascertained either by 
measurement, or by the actual application of these figures 
cut from some thin flexible material. 
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SemarTc. A careM examination of the lines of the 
figyres 17111 show the geometrical methods for determining 
the tangents to the pomta on Mg. 3 which correspond to 
Fig. 1. 

Prdb, 9, Fls. 3, 4. To construct the prc^eoiAons wnA true 
dimsTisions of the voussm/fs of the ra/mpwnt cylind/rical wreh. 

This problem, which comprises two eases, is a variation 
of Prob. 7. The arch in tlus, as in Pr(^. 7, being termi- 
nated at one end by a vertical plane, and at the other by a 
horizontal semi cylinder having its axis and elements paral- 
lel to the vertical plane of the end ; the elements of the soffit 
and the edges of the Toussoirs of the arch being oblique both 
to the vertical plane and to the horizontal plane of the plan. 

Case 1, PL 3. Construct {Fi^. 1) the semicircle B'T'G', 
to represent the obHcLue section of the arch by the vertical 
plane of the end. Let ad {Fig. 2), assumed at any conve- 
nient distance from A'D', be the projection in plan of the 
lowest element of the semi cylinder of the other end, which 
with the axis is taken in a horizontal plane at the distance 
a"'a" {Fig. 3) below the line A'D'; and let the lowest ele- 
ments of the arch drawn from the points A'JB'O'JD', and its 
axis from L', {Fig. 1) be taken to intersect the line ad, and 
to lie in vertical planes perpendicular both to the vertical 
plane of the end and to the horizontal plane. The edges 
of the voussoirs as A'a, .S'5, &c., in plan will be perpendic- 
ular to A'D'. 

To obtain the edges of the voussoirs in their true dimen- 
sions, it will be necessary to find their projections, as in Prdb. 
5, on a plane parallel to them. 

let the vertical plane which contains the edge projected 
in A'a be taken for this purp(«e, and suppose it revolved 
around the line A'K'", its trace on the vertical plane of the 
end, to coincide with this plane. In this new position of 
the side vertical plane the edge projected in A'a wiU be ob- 
tained on it by setting off A'a"'^A'af erecting at a'" a 
perpendicular •= a"'a', and joining A'a'". The edges 
drawn from £', C", D'., and the axis of the arch will all 
evidently be projected into the same line A'a". 

The projections of the other edges on this plane wUl 
evidently be parallel to A'a!' {Fig. 3), and theif positions 
will be found by drawing through the points E', J', &c., 
{Fig. 1) lines parallel to A'D', and from me points F'', &c,, 
in which they cut A'K'" drawing parallels to A'a" {Fig. 3). 

As a" is the revolved position of the point in which the 
vertical side plane cuts the lowest element of the semi cyl- 
inder of the end, and as the axis is in the same horizontal 
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plane as this element, by aetting off on tlie horizontal through 
a!', and to the left of a", the radius of the semi cylinder, 
and from the point thus set off descrihing an arc »"X', it 
will he the one cut from the semi cylinder by the vertical 
aide plane. The liuea, aa H"R"', E"E"' intercepted hetweeu 
the arc al'X' and the line AlK'", are the projectionB in their 
true dimenaiona of the required edges of the vouasoirs. 

To obtain a right section of the arch, for the purpose of 
conatmcting the joints of the voussoire in their true dimen- 
sions, and l£e development of the aoffit of the arch ; from the 
point A' draw the hne A! Y' perpendicular to the projec- 
tions of the edgea on the vertical aide plane; thia line may 
be regarded as the trace of a plane of right aeetion on the 
side vertical plane, and the line A!D' as its trace on the 
horizontal plane through A'D'. If the plane of right sec- 
tion thus fixed be revolved around A!D' until it becomes 
horizontal, the right section contained in it ■will be deter- 
mined in its true dimensions. The points as e', f , &c., 
{Pig. 4) will be fonnd, after thia revolution, by aetting off 
from the line A'D' along the projeotiona of the elements in 
plan corresponding to the points Jfi", F\ i&o., distances equal 
to A'e'^ A!f'^&.AFig. 3) measured from the point A! along 
the line A! X'. The curve B'e'f'm'^C {Fig. 4) thus deter- 
mined ia the curve of right section of the soffit, and the fig- 
iu*e TO 'n'o^BV' the right section of the vonssoir corresponding 
to M'lf'D'P'Q' {Fig. 1) of the end. 

Having obtained the right eeetion, the development of 
the aoifit and the joints in their true dimensions are found, 
as in Frobs. 6 and Y, aa foUows: Having drawn aline ^'C 
{Fig. 5) aet off along it the diatancea 5V, 6'f\f'n^^ &c., 
respectively equal to the arcs B'e', e'f »fecy on the curve of 
right aeetion iFig. 4). The right line B'V' will be the de- 
vSopment of the curve. Through the points^', ^,f', &c., 
draw perpendiculars to B'O' which will be the elements of 
the soffit in development, which are the lower edgea of the 
joints and correspond to the points B', F', &c., {Fig. 1). 
As the true distances of the extremities of these edges from 
the plane of right section are given on Fig. 3, and are the 
dietanees eV, e'E'" for the ei^e projected m ita true length 
between the line A'K'" and iJie curve o!'X'j hy setting off 
e'e" and ^E'", from e' to E'^ and e" to F!'" (Fig. 5), the 
points E' and E'" will be respectively points of the devel- 
opment of the curves in which the soffit intersects the verti- 
cal plane of the one end of the arch and the horizontal 
cylinder that terminatea the other. In like manner the 
pointa F', M', &c., of the developed curve B'T'O' are 
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foTind, and those as 5", E'", &c.j of the other end. To oh- 
tain the true dimensions of any joint, as the oae correspond- 
ing to E'l' {Mg. 1), set off the distance e'i', {Fig. 5) equal 
to the breadth of the joint in right section, which is e'i' 
(Fig. 4). Throueh i' draw a perpendicular to B' 0\ and set 
off irom it the diatanee i'l'j i-^"'} reepeetiyely equal to 
a' A.", a' A'" {Fig. 3). Joiu I', M', by a nght line, and 
A!"E"' by a curved hne, the figure A"'I'E'F^" will be the 
required loint in. true dimensions. The other joints are 
found in hke manner. 

To find the dimensions of a block of the form of a rec- 
tangular paraUelopiped from which one of the voussoirs, as 
the one corresponding to M'Uf'O'P'Q' could be cut, it wiU 
be observed that the edges of this voussoir are projected in 
their true dimensions on Fig. 3, between the Hne JI"JI"', 
which corresponds to the points W, 0' {Fig. 1), and the line 
F"F"', whidi corresponas to Q'; drawing therefore from 
M" a perpendicular to E"E"' prolonged, and from E" one 
to H"M prolonged, the rectangle thus formed wiU be the 
true dimensions of one side of the block. As m'n'o'pW 
{Fig. 4} is the cross section of the same voussoir, the breadth 
of the rectangle of the end of the block must be equal to 
m'p', in order that the figure wln'o' , &c., can be inscribed 
within it. The manner of setting off the different lines on 
the block, with the view of dressing it into shape, will be 
readily seen from what has alreadyl)een stated on this point 
in the preceding problems. 

Eemarks. From the preceding constructions, the joints 
and the development of the soffit for any other plane end 
passing through the line AID', and having the line A'Z', for 
example, for its trace on the vertical side plane, can be 
readily found, by Betting off, on Fig. 5, from the line B'O', 
the distances between the corresponding points on the lines 
AI T'' and A'Z', as h'A", for example, m the same way as 
for those between A' Y' and A'E , and through the points 
e",f", &e., drawing the developed curve of intersection of 
the sofat and assumed plane, and constructing the corres- 
ponding joints as e"i"A 'E" . 

Prob. 9, Case id, PI. 4, This case is a variation of the 
preceding one, the axis and elements of the soffit of the 
arch being obhque both to the horizontal plane, and to the 
vertical mane which terminates the arch at one end, but 
situated m vertical planes obhque to the vertical plane of 
the end. The position of the semi cyKnder which terminates 
the other end is the same in all respects as in the preceding 
ease. 
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JB^. 1 represents the end of the arch in the vertical 
plana The curve of the sofBt B'F'M'O' in this plane ia a 
aemieircle. The arch for the mere illustration of this case 
cOnsiste of -only three vonssoirs. 

Fig. 2 represents the projections of the elements in plan ; 
the axis of the arch ana the lowest elements of its soffit 
intereeet the lowest element of the semi cylinder, which is 
projected in the line ad, parallel to A'D', and lies in a hor- 
izontal plane at the distance D'D" below A'D'^ at the 
points 6, I and o. 

Fig. 3 represents the projections of the edges of the 
voussoire on the vertical side plane, parallel to them, of 
which D'T and _// Y' are the traces on the horizontal plane 
of the plan, and the vertical plane of the end. The system 
of projecting lines in this ease is the same as the one used 
in i'rol). 5. 

Fig. 4 represents the revolved position, on the horizontal 
plane, of the right section of the arch, contained in the plane 
of right section of which XT, perpcndicnlar to the projec- 
tion of the axis L'l is the horizontal trace, and Js', perpen- 
dicular to D"d, the projection of the axis on the side vertical 
plane, is the trace on this plane. 

Fig. 5 represents the joints and the development of the 
soffit in their true dimensions. 

Having constructed Figs. 1 and 2, find, by Prd). 5, the 
projections of the edges of the joints on the vertical side 
plane of which D'Ti% the horizontal trace, assuming, in the 
first place, the line I>"d^ as the projection of the axis and 
lowest elemente on thte plane, and parallel to which ftll the 
other projections of the edges are drawn ; the one corres- 
ponding to the point M' {Mg. 1), for example, is found by 
setting off from D" (Fig. 3) on the revolved position 
lyK of the trace of the side vertical plane with that of 
the end, the distance D''M" equal to MM' {Fig. 1), and 
drawing M"M"' parallel to D"d. 

Eepresenting, by the line drawn through T parallel to 
ad, the axis of me semi cylinder, the ellipse cut from the 
semi cylinder of the end will have dT, and TS' equa] to 
the radius of the semi cylinder, for its semi axes. Having 
d^cribed the quadrant dS' of the eHipse in its revolved po- 
sition, the projections of the edges of the joints intercepted 
between it and the line I>'K"' will be the true lengths of 
the edges. 

To obtain the right section, take XY perpendicular to 
the axis JOl in plan, and Js' perpendicnlar to its projection 
D"3, on the vertical side plane, as the traces of the plane 
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of right section. Having found {Fig. 4, PI. A,) the projeo- 
tiona g', m^ , n', &c. (Mg. S) of the points in which the ele- 
ments of the eoffit and the edges of the joints pierce the 
plane of right section, next construct from these {J''ig. 4) the 
right section as revolved on the horizontal plane/ 

To construct the soffit and joints in their true dimensions, 
draw (Mg. 5) a line a^' {Fig. 4, PI. A) and set off on this 
from 0, to 0, the length of the curve of right section l>fi^ 
{Fig. 4). Drawing through the points h,,f,,'m,,, o^, per- 
pendiculars to ffl^' set off on them ahove and helow a^D' 
distances w^M', m^M'", respectively equal to m,M" and 
m,M"' (Mg. S). The curves B'F'M'O, and hM"'G, drawn 
through the points thus obtained, will be the developments 
of the intersection of the soffit with the end plane and semi 
cyUnder. To construct the joint of which M'M'" je one 
edge, set off mjn, on a^P' equal to in/rhi {Fig. 4), the width 
of the joint in cross section ; through n, draw a parallel to 
M'M'", and set off on it n,I^', ihjN'", respectively egual 
to n'lir" and n'J!f"' {Fig. 3). Joining M'W \>j a right 
hue, and M"'N"J by a curve line, the figure obtamed is the 
required joint. The othera are found in like manner. 

R&mark, A comparison of the lines on Fig. 5 with 
those on Fig. 3 wiU point out the manner of constructing 
an intermediate point as v o£ the curve M"'N"' 

Proh. 10, PL. 5. To const/ntct the proJecUons and imm 
dA/mermons of the voussoi^s of the hermepherical doTne. 

Let the semicircle {Fig. 1) B'L"0' be the vertical section 
of the eoffit of the dome, and suppose it divided into seven 
equal parts at the points E'. F'^ &c. Drawing radii through 
the points F', &c., set off upon them the equal distances 
E'F, F'G'^o., and complete, as in the preceding cases, 
the figure E'PH"Q'F', &c., to represent the sections of 
the voQSSoirs. If Fig. 1 be supposed to be revolved about 
the vertical radius Z'Z" as an asie, any section of a vous- 
Boir, as E'T'H" G'F' would generate tne entire voussoir of 
the dome comprfeed between the horizontal circles on the 
soffit projected in the lines E'Q' and FM'. The lines 
E'l' ^ F'G', in this revolution generate the joints between 
the voussoir in question and the two in contact with it, 
which joints are portions of a cone of which the centre of 
the dome is the vertex, and Z'Z" the axis. The line I'M' 
win generate a eyhndrieal surface having the same axis, and 
the line H'G' a plane. 

Having in this manner determined the bounding surfaces 
of each course of vonssoirs, the course is divided into blocks 
of suitable dimensions, by joints of right section, formed by 



d by Google 



50 STONE CUTTING, 

intersecting the course by vertical planes througli the axis 
i'i". If IE, and 1,F, {Fig. %\ for example, be tahen as 
the projections in plan of two joints of right section, the 
figure II,F lE I ■will he the projection in plan of a hloek or 
voTissoir of the course in question. The figure E'lT'E" 
{Fig. 1) is the projection of the lower conical joint of this 
voTJssoir: ^'(?'(?"J*'" that of the upper conical joint ; and 
E'F'F'E" that of the portion of the sofEt. The joints 
of right section of the ailjacent courses break joints, as 
shown at E"E',_ V"v', &c., on the curves VZ", V"Z", 
&c. {Mg. 1), which are the projections of the circles cut 
from the soffit by the joints oi right section. 

Avpl/ioaMon, Having determined the projections of the 
bounding lines and surfaces of a voussoir, their tme dimen- 
sions can be easily determined, and from them the size of a 
block from which the vou^oir can be cat. Taking, for ex- 
ample, the voussoir projected in plan {Fig. 2) in II,F,E, , 
from an inspection of the projections {Mgs. 1, 2)_ it is obvious 
that the dimensions of a block from whicn it can be cut 
must be such that the figure II^Ffi, {Fig. 2) can be inscribed 
within its base, and its thickness be equal to the vertical 
height between the lines M' G" and E'E" {Fig. 1), the total 
depth of the voussoir. Having selected a block of the suit- 
able dimensions, the different fines and surfaces of the vous- 
soir can be obtained in their true dimeraions from its projec- 
tions {Figs. 1, 2, 3), and marked out on the sides and bases 
of the block. 

It will be seen that the end of this voussoir, which forms 
a portion of the soffit, is comprised between the two merid- 
ian planes IE, and I,F, {Fig. 2} and the upper and lower 
conical joints. The points _F", F" , E', E", {Fig. 1) are 
therefore the projections of the four angular points of the 
voussoir, on the soffit, and lie upon the cfrcumference of a 
small circle of the dome pacing through the poiats of which 
these are the projections on Fig. 1. This small circle can 
be readily constructed {Fig. 4), since the lengths of the 
chords joining the two upper pointa FF",^ and the two 
lower E'E" {Fig. 1), are given m their trae dimensions EF 
and EF{Fig, 2); and the diagonals projected in EF, aud 
E,F{Fig. 2) can be readily obtained in their tme dimensions. 
Having set out the small circle determined from these ele- 
menta(-^j^. 4), it will limit the portion of the soffit on the 
end of the voussoir, and will serve as a guide to the work- 
man in working it out. 

Fig. 3 gives the true dimensions of. the side of the vous- 
soir in the meridian plane IE, {Fig. 2). 
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Prob. 11, PI. 6. To construct tJhe pro^ecUons <md true 
diTnensions of the voussoi/fs of the gate^eoess. 

The line BO {_Fig. 2) represents the trace of the vertical 
face or front of a wall ; ad that of the back, also vertical. 
Through this wall an arched gate-way is to he bo constructed, 
that the gate, composed of two leaves, may be placed mid- 
way between the feee and back, as at AP, and when open 
the leaves shall be thrown back, taking respectively the 
pwitions A,a, P,d, \}j revolving around the vertical axes 
projected in A and D^ . In this way, the gate occupies a 
recess within the wall, flrom which circumstance the problem 
is named. 

Let B', E', O', i-Eig. 1) be the curve of right section of 
the right arch, BB,Ofi{Fig. 2) its plan. Let tfae top of 
the gate when cIobm Idc a semicircular cylinder, ^'J9' \Fig. 
1) being its diameter, and the rectangle AA^D^P (Fg. 2) 
its plan ; the gate when closed shutting against the plane 
surface ring projected {Pig- 1) between the two semicircles ; 
and F-i^. 2 in the Une AP. 

The problem to be solved consists in so arranging the 
surface of the recess under which the leaves swing in being 
opened or closed: 1st, that it shall offer no obstruction to 
the play of the leavra ; 2d, that it shall he one of easy geo- 
metrical construction ; 3d, that it shall present a pleasing 
architectural effect. 

The lines A^a, Pd, {Fig. 2) being the traces of the ver- 
tical side planes of the recess against which the leaves rest 
when closed, these planes are each terminated at top by an 
arc of a circle assumed at pleasure, but of greater radius 
than A'P' {Fig. 1). To construct this arbitrary arc {Fig. 3), 
revolve the side plane P^d around the axis projected in P, 
{Fig. 2), and P'P" (Fig. 3), parallel to the face of the wall, 
into the position P^d^ . Assume d'" the highest point of 
the arbitrary arc in the revolved position, at the same height 
as ^ (.f^. 1) is above P, and construct an arc passmg 
through P'd"' and tangent to P'P", and let this be taken 
for the required arc. Supposing the side plane revolved 
back to its primitive position, P'd" wHl be the projection 
of the arc; and d'd" that of the vertical edge of -the back 
and side planes. 

Let this arbitrary arc, the semicircle projected in A'k 'P' 
{Fig. 1)_ and A,P, (Fig. 2), and the axis of the arch pro- 
jected in Z' {Fig. 1), LI (Fig. 2), be taken as three direc- 
taices of a warped surface, to form a portion of the upper 
aurface of the recras. The projections of the extreme poai- 
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tion of tte element of tbiB surface will lae d"a^Z,' {Fig. 1), 
dxyCFig. 2). A lite surface covers the opposite side. 

To form the top, the two warped stirfeces determined are 
connected by a third, which muBt be tangent to each of them 
along the extreme element d"L', a"L' of each, so that the 
three surfaces may appear as a continuous surface, and thus 
satisfy the 3d condition. To satiaft' this condition, let 
the axis of the arch and the semicircle, which are two of 
the directrices of the two first warped surfaces, be taken 
as two of the directrices of the third. This will give two 
tangent planes common to the surfaces along each of the 
elements d'L", al'L'. Construct now a tangent plane to 
the warped surface found at the point &'\ by drawing a tan- 
gent to the curve projected in D'dJ' at this point, and through 
mis tangent and the element projected in d"L' passing a 
plane. The element pierces the vertical plane of which 
-A-D, is the trace at a?, ic'y the tangent to the curve Dfi" at 
dJ intersects the vertical line IrD" at D" ^ joining then 
D", x'j it will be the projection of the trace of the tangent 
plane on the vertical plane ^,i?, / the projection of its trace 
on the vertical plane ad is v'd"'w', parallel to x'I>". Draw- 
ing an arc of a circle passing through a" and d" and tangent 
to v'w', if it is taken as the third directrix of the second 
surface, the two surfaces will be tangent, as they have a 
third common tangent plane at d". 

The 2d condition is satisfied by taking warped surfaces 
to form the soffit, or top surface. 

Having eonstraeted the warped surfaces, with these arbi- 
trary conditions, it will be necessary to ascertain whether they 
satisfy the 1st condition. To do this, it will be observed 
that the top of the leaf describes, in its revolution, a surface, 
and which, to satisfy this condition, should not intersect the 
warped surfaces wimin the side plane, as ji-,(i, for example. 
This intersection wiU be found by the usual methods for 
finding the intersections of two given surfaces. The line 
r's' {Fig. 1), for example, may be assumed as the vertical 
trace of a horizontal plane mteraecting the two surfaces. 
This plane will cut from the surface described by the top of 
the leaf an arc of a circle, projected in sr {Fig. 2) and from 
the warped surfaces an arc ss/r- and as these intersect at r, 
without A„a, the surfaces do not interfere along this hori- 
zontal plane. The same construction would be made for 
other points. 

The bounding lines of the top surface being found, the 
arch is divided off into five equal parts, as B'E', &c. The 
planes of the voussoir joints pass through the axis of the 
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arch and extend to tlie poiAts I', G', &c., arbitrarily chosen ; 
and from these last points the vouBBoir joints are vertieah 

To determine the trne dimensions of the joints M'M' 
and Q'P' {Mg. 1); let each of them he revolved arotmd 
their lower horizontal edges, projected in M', Q ', parallel to 
the horizontal plane ; takiag M'N', this iB done hy draw- 
ing throneh M' a line paraUel to L'D' and setting off alon^ 
it, from M', distances ecjual to G'F'^M'W, F'i', F'h', 
and, to simphfy the construction, drawing through the 
points thus set off, Hnes parallel to L'M' to intersect L'D'; 
from these laBt points drawing lines parallel to I/l the points 
Lh'^E'i'T^&I (Pig. i) wiU be found, which joined will give 
the figure and true dimensions of the joint through M'W. 
In a like manner the figure U&E'if'g'Q-'Iwa.^ true dimen- 
sions of the joint through Q'P' are obtained. 

AppUcatwn. To cut the vonssoir out of a block of the 
form of a rectangular parallelopiped, ite dimensions must 
be such that the figure W'M'Q^PO' {Fig. 1) can be inscrib- 
ed within the end, and its length be equal to IG' {Fig. 4). 
Having set out the bounding lines of the different surfaces 
from Fig. 1, the plane and cylindrical portions will be first 
cut off; next the portion of the warped surfaces, by first 
woTldng down to the positions of several of the intermediate 
elements, determined from the drawing, and then finishing 
off by the eye the portions of the surface between these ele- 
ments. 

Prdb. 12, PI. 7. To oonsimei the 2 



if the steps of the geom^ncaZ stawway. 

Let ABVD {Fig. 1) he the polygonal base of a vertical 
wall, along which a flight of stone steps is to be built. Let 
XTZ, ccys, he two curves having the relation of involute 
and evolute to each other; the one XYZ being the base of 
a vertical cyhnder, the surface of which limits the ends of 
the steps, and which is termed the wdi of the stairs. Let 
X, Jr,Z^ be another curve parallel to the one XTZ, and at 
the distance from it that persons going up or down the stairs 
would naturally take; and where, on this account, the top 
of each step, or the tread should have a uniform- breadth. 
This tread added to the height, or rise, being usually assumed 
at twenty-two inches, as a convenient distance for each step. 

The problem consists : 1st, in arranging the tread and 
rise with these conditions ; 2d, in making the nnder sur- 
face of the stairway a helicoidal surface; 3d, in arranging 
the joints between the steps so as to be plane surfaoes, and 
normal to the helicoidal surface at the middle point ; 4th, in 
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determining from these conditions tlie form and dimei 
of each step. 

Having set off the eaual ares X,l, 1-2, 2-3, &c. (Mff. 
1) along me curve X, Y^Z, , egnal to the assumed tread, 
draw, tiuxjngh these points, lines tangent to the curve icys, 
and prolong them to the line icd parallel to £CD; the 
quadrilaterals thus formed, between JCTZ and hcd, -will be 
the true dimensions of the top surface of each step. Mid- 
way between the equa] arc, as at Y,, Z,, &g., draw lines 
also tangent to leys, and let these be assumed as the projec- 
tions of the edgea of the joints along the heHcoidai surface ; 
and, to fix their position, let the edge of each joint be taken 
at the distance of half the rise below the top of the step. 
The points thus determined will lie on a helix, which at 
each of these points is half a rise below the top of the step, 
and the inclination of the tangent to which at any point 
will be the rise or height of each step divided by the uniform 
tread. 

Having fixed the position of the helix, the helicoidal 
surface is generated by moving a right line along it so as to 
be parallel to the horizontal plane, and, in all of its posi- 
tions, be projected normal to the cmwe ^YZ. 

Let y, , the middle point of the lower edge Ym, be taken 
as the point at which a normal plane is to he passed to the 
helicoidal surface for the joint m question. This plane is 
determined as shown on jp'igr. 2, by Prdi. 1 {PI. A, Fig. 6), 
and in like manner the one at s, on Zo as shovra in Fig. 3. 

Having determined these planes, their intersections with 
the tops of the steps will give the lines JVra, Ify, parallel to 
Ym, Zo, which are the top edges of the joints. 

With the dMa now determined, the form and dimensions 
of the ends of the step to which these two joint* belong 
can be determined. The latter end of the step is contained 
in a vertical plane of which t/iq is the trace on the horizontal 
plane. Draw a line B'O' parallel to Ic and at any assumed 
distance froni.it; this may be taken as the revolved position 
of the top line of the end, on the horizontal plane. From 
the points m, n, o, p, and q draw perpendiculars to mq; 
set off on these the distance q"q' for the rise of the step ; 
TO"m' equal to half a rise ; e' half a rise below ^'; joia the 
points thus set off. The figure m'n'^'q'p'o' is the one requir- 
ed. To find that of the other end {Fig. 5), the portion of the 
cylinder of the weU YM is developed, and the corr^pond- 
ing points set off on it ; the figure Y'W'M"M'0'Z' is the 
one required. 
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Am>lication. To cut the stone, a block must be taken 
upon the top of which the figure YmqM {Fig. 1) can be 
set off, and on the large end Fi^. 4. Having dressed off 
the plane and cvlindrieal surfaces, the portion of the war- " '' 
surnice can be dressed off as in the preceding problem. 
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